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CHAPTER ONE 
INTRODUCTION 
1 
,f' 
CHAPTER I 
STATEMENT OF PROBLEM, • For many years, there has been a 
controversy in the field of elementary arithmetic instruction 
between proponents of two methods of subtraction; decomposition 
and equal additions. !his controversy has centered around which 
of the two methods would be the preferable one to teach and the 
most efficient one to use. In some instances the arguments for 
and against each method have been related to the important variable 
of the type of learning involved--meaningful or rote. 
The purposes of this paper are as follows: 
(1) To summarize research concerning meaningful versus 
rote learning in arithmetic, which has generally proven 
meaningfUl learning superior; 
(2) To summarize research concerning the relative effectiveness 
of the two methods of subtraction; 
(~) To show the connection between the research in (1) 
and (2); 
(4) To analyze the present status of the above-mentioned 
controversy; 
(5) To determine if and where further research is needed. 
DEFINITION OF TERMS. In order to understand the abstracts 
in this paper, the following terms need to be defined: 
Minuend--A number from which another number (the subtrahend) 
is to be subtracted. 
Subtrahend--A number to be subtracted from another number 
(the minuend). 
Example: 72 
~ 
(minuend) 
( subtrahend) 
( dif':f'erence) 
Compound Subtraction--A subtraction example in which the 
the value of' at least one of' the digits in the 
minuend is smaller than the value of the cor-
responding digit in the subtrahend. 
Example: 72 
~ 
Transfer of Learning--Increased or decreased ability to 
perform in one area as a result of' previous 
learning in another area. 
2 
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" The two main methods of' subtracting with which we are 
concerned are the decomposition and equal additions methods. 
The basic difference between these two methods can be seen in 
the following examples. 
Decomposition 
72 • 7 tens + 2 ones • 
-,a = __ 2_~~_!1!3__~~-~nes = 
6 tens + 12 ones 
3 tens + 8 ones 
3 tens + 4 ones • 34 
In this method, 1 ten is taken f'rom the 7 tens in the 
minuend and decomposed into 10 ones. These 10 ones are then 
added to the 2 ones in the units column of' the minuend, making 
12 ones. Then the subtraction can be easily performed. Note 
that no change is made in the subtrahend. 
This procedure is sometimes referred to as "borrowing." 
Although this use of' the word "borrow" is theoretically an 
incorrect one because of' the implication in the word of' re-
turning or somehow paying back what was borrowed, it is used to 
describe the alteration of' the minuend in the decomposition 
method of' subtracting. It is also sometimes loosely used to 
ref'er to the decomposition method itself'. 
The decomposition method is based on the mathematical 
concept that a number may be named in several ways; thus, the 
value of' 72 is not changed if' the 7 tens and 2 ones are ra-
grouped into 6 tens and 12 ones. 
The thinking of a person using this method would most 
probably be as follows: 
72 "8 from 12 = 4 
~ 3 from 6 • 3·" 
Equal Additions 
72 = 7 tens + 2 ones. 7 tens + 12 ones. 
~ = ~ tens + 8 ones. -4 tens + 8 ones. 
3 tens + 4 ones = ~-
In this method, 10 ones are added to the two ones of the 
minuend making 12 ones, and 1 ten is added to the 3 tens of the 
subtrahend making 4 tens. A change is made, therefore, in both 
the minuend and the subtrahend. When these changes have been 
made, one proceeds to subtract. 
This procedure is based on the mathematical principle that 
if the same number (in this case, 10) is added to each of two 
terms (in this case, to the minuend as 10 ones and the subtrahend 
as 1 ten), the difference between the two terms will remain the 
same. 
The thinking of a person using this method would most 
probably be as follows: 
72 
.:.2§ 
"8 from 12 • 4 
4 from 7 • 3· 11 
A third method of subtracting, known as the Austrian 
method, is involved in some of the studies in this section. 
this method, one's thinking would be as follows: 
72 
:.2§_ 
08 and 4 are 12 
4 and 3 are 7. 11 
With 
The 8 and the 4 are thought of as addends, 1 making 12. The 
(ten) of the 12 is carried, as in addition, to the 3 of the 
subtrahend, making it 4. Then the 4 and the 3 are also thought of 
as addends, mru{ing 7. The language of addition is used in this 
method which is often called the "additive" method. 
JUSTIFICATION FOR THE INVESTIGATION. Complete summaries of 
investigations concerning decomposition versus equal additions have 
never been compiled in one volume. Neither have many studies 
attempted to consider the connection between the two methods of 
subtraction and meaningful and rote learning. Such a compilation 
and analysis is required in order to determine if further research 
would be needed and/or profitable. 
PROCEDURE. To establish the superiority of meaningful 
learning, the classic investigations comparing and contrasting 
meaningful and rote learning have been abstracted. The distinction 
betl'leen these two methods of learning set the background for the 
summaries of the research concerning which of two methods of 
subtraction, decomposition or equal additions, should be taught. 
1An addend is a number to be added to another number • 
. ~~.··.···~···~~·•~c~ 
I 
I 
6 
LIIGTATIOHS OF THE STUDY. Some investigations reletinc to the 
topic of this paper are currently unavailable to the authors. They 
Nere therefore forced to rely upon incomplete summaries of such 
studies, which ,appeared primarily in Doctoral and I1aster 1 s theses 
and in summaries of research. Abstracts compiled from these sources 
are indicated by an asterisk in the bibliography. 
I 
I 
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CHAPTER TWO 
SECTION I 
THE MEANING VS. DRILL METHOD OF TEACHING ARITHMETIC 
I 
I' 
,, 
CHAPT.ER II 
Many opinions have been expressed and much research has 
been done concerning the most effective and efficient ways of 
teaching. Rote and meaningful learning are translated in this 
field into terms which describe the two major methods of teaching 
and learning arithmetic: the "drill" method and the 11 generaliza-
tion11 method. These methods are sometimes called the 11 rule 11 
method and the 11meaning 11 method. 
The "rule" or "drill" method, emphasizes, as the.. names 
imply, rules and drills. It involves a teaChing procedure in 
which the instructor shows the solution to a specific problem 
and describes the rules that the students must learn and apply 
in order to solve other problems of the same type. A sufficient 
number of examples to cover all variations of the problem are 
presented. Once the student is shown how to compute the type of 
problems in question using the given rules, a great deal of drill 
is given so that the student becomes proficient in performing 
the given operations. 
In this method, the student merely memorizes and practices 
applying rules; he contributes nothing to the learning situation 
and is discouraged from reasoning out the answers to problems. I i 
I 
J-... ------~ --·· 
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Thus, the operations tend to be mechanical. The method emphasizes 
speed of response, drill and repetition. Very little time is 
spent in the developmental part of a lesson. 
The 11meaning" or 11 generalization 11 method emphasizes the 
discovery of arithmetic relationships and generalizations. It 
assumes that children are capable of grasping relationships 
between numbers and that there is some value in allowing them 
to try to find these relationships themselves. 
This method involves a teaching procedure in which the 
instructor encourages children to discover and formulate the 
relationships, principles and generalizations basic to our 
number system. A good teacher would present (together) a 
group of facts related to a particular generalization and lead 
the children to their own discovery and statement of the gen-
eralization. Through this method, children learn why they use 
a certain process. 
This method emphasizes the meaning of numbers, the structure 
of our number system and the principle of place value. From 
these concepts are developed new generalizations related to ones 
learned earlier. This method emphasizes meaning, understanding 
and active discovery. When used, most of the class time is 
devoted to the developmental part of a lesson. 
8 
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The following abstracts represent the research which 
has been done in this area. As can be seen from these studies, 
research has supported the hypothesis that the "meaning" method 
is superior to the "rule" method. 
---- --- ------
---- __________ ___::__-;-_-_-=._-:.:..:.-:_-::_-.-_ -.::-=--=-=---=---=---=-=---------- -=-===------------------~- -----
Bibliographic Citation 
McConnell, T. R. Discoverz vs. Authoritative Identifi-
cation in the Learning of Children. University of Iowa Studies 
in Education, Vol. IX, No. 5. Iowa City, Iowa: University of 
Iowa Press, 19}4. pp. 11-62. 
Purpose of the Investigation 
"To reveal the relative effectiveness of two procedures of 
learning" the 100 basic addition facts and the 100 basic sub-
traction facts "as laid down in two arithmetic learning books. 11 
The first procedure (Method A) was a mechanical method based on 
Connectionist learning theory; the second procedure (Method B) 
was a meaningful method based on Gestalt theories of learning. 
Scope and Delimitation of the Problem and its Investigation 
A total of 1270 second-grade students from ~0 different 
schools in Toledo, OhioJwere ·involved in this experiment. 
Group A (those who were taught by Method A) consisted of 65~ 
students; Group B (those who were taught by Method B) con-
sisted of 617 students. 
"The schools and classes participating in the experiment 
were chosen by the director of research, with due regard to 
influential geographic factors within the city of Toledo. 
Approximately an even number of classes of superior, average, 
and low ability in arithmetic was included in each group." 
The two groups were matched at the end of the experiment 
on the basis of arithmetic pretest scores and I. Q.*s (based 
on the Pintner-Cunningham Primary Mental Test). Cases were 
drawn from the two distributions "until the means and standard 
deviations were practically equal ••• When the groups were finally 
matched, 441 cases remained in Group A, and 422 in Group B." 
The entire experiment lasted for more than seven months. 
Each student in Group A spent an average of ,5.11 hours of 
learning time; those in Group B spent an average of ,9.08 hours. 
10 
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I 
The teachers received detailed manuals and instructions 
as to how and what to teach the children. Thus, the author 
attempted to "standardize the procedures in all the classes in 
the same experimental group, and guard against introduction by 
the teacher of either additional or different instructional or 
learning activities. 11 
"The director of research and the building principals 
cooperat~d in strict supervision of the experiment. The former 
held meetings to standardize procedure and answer questions of 
the participating teachers. The writer visited Toledo twice, 
meeting the teachers and building principals cooperating, and 
visiting many classrooms. There is every reason to believe that 
the experimental conditions were adhered to with unusual fidelity." 
Group A learned by a mechanical or drill method characterized 
by the following procedures: 
(1) The number combinations, considered as S-R 
connections, are identified authoritatively, 
and supposedly without meaning. The pupil takes 
the word of the teacher that his work is wrong 
and depends on the teacher to supply him with 
the right answer. (2) The child learns these 
connections by the process of literal repetition." 
Group B learned by a meaning method, 11 characterized by the 
following procedures: 
(1) The number combinations are identified by the child 
through the active process of discovery or verifica-
tion. The pupil discovers his errors for himself and 
finds the correct answer on his own initiative. 
(2) Learning is a configurational, i.e., a meaning-
I 
I 
I 
'I 
ful, not a mechanical process, involving the develop-
ment of insight, which is facilitated by repetition I 
of stimulus-situations, not literally, but fundamentally,~ 
the same, (~) Learning is a relational process." 
The seven final tests were given one a day on the seven school 
days following the end of the experiment. These were followed by a 
pupil questionnaire "designed to reveal the attitudes of pupils in 
the two groups to arithmetic and to the method by which they had been 
learning. 11 
' 
ii 
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The seven final tests were quite comprehensive, each one 
being designed to test something different. They can be briefly 
described as follows: 
Test One. "Ability to respond to the addition and 
subtraction facts in abstract form with accuracy 
instruction. 11 Seventy examples, 20 minutes. 
Test Two. "Ability to respond to the addition and 
subtraction facts in abstract form with speed instruc-
tions." Five minutes. 
Test Three. Transfer to untaught process. Forty-
seven examples, 15 minutes. 
Test Four. "Ability to solve simple verbal problems. 11 
Fourteen problems, 15 minutes. 
Test Five. "Ability to detect errors in set of examples, 
some of the answers being right and some wrong." Thirty-
seven examples, 6 minutes. 
Test Six. "Ability to learn new skills independently 
from a silent reading lesson. 11 Twenty examples, 
20 minutes. 
Test Seven. "Maturity in manipulating the number 
facts. Twenty-nine examples, 20 minutes. 
Major Findings 
11 Five of the observed mean differences on the interpolated 
test are in favor of Group B, and two are in favor of Group A." 
"Five of the observed differences on the final tests are in 
favor of Group B, and two in favor of Group A. 11 
"The results of the interpolated and final tests are 
internally consistent. That is, Group A excelled on immediate 
and automatic response to the number facts as measured by tests 
with limited administration time and speed instructions; Group B 
excelled in tests which put a premium on deliberate and thoughtfUl 
responses, and those with generous administration times." 
--- ~-
--- -----
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"In terms of practicality, none of the differences revealed 
in the experiment will likely impress the person concerned with 
the technique of instruction." 
"The percentage of pupils who checked arithmetic 
best-liked against the field of second-grade subjects 
cally the same for both groups. There is likewise no 
difference in the frequency with which the two groups 
arithmetic as the least-liked subject." 
as the 
is practi-
significant 
checked 
"The pupil questionnaire failed to reveal pronounced 
consciousness on the part of the pupils in Group B of the major 
dynamics of learning supposedly employed by their method of 
instruction." 
Major Conclusions, Implications, and Recommendations 
"If the teacher is interested in immediate and automatic 
response to the number facts, the method of sheer repetition 
apparently can be counted upon to produce such a result with 
reasonable forthrightness." 
"On the other hand, if the teacher desires to give the 
pupil whatever satisfaction may accrue to him though a knowledge 
of the meaning and truth of the number facts (on the assumption 
that he does not get it for himself in ways for which Method A 
does not assume responsibility) and to develop a deliberate and 
meditative attack upon them, then Method B commends itself. 
Although in this experiment Method B led to a slight sacrifice 
of immedicay of response, there is also some evidence, that it 
resulted in better ability to transfer learning, and to manipulate 
the number facts in mature ways." 
"To what extent habituation of number facts necessitates 
the development of meaning from whatever source it may come, is 
still being revealed by research." 
Comments 
This study was well constructed and planned. The author 
made every attempt to control such variables as teaching methods 
and experiences. 
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However, we believe that the author should have taken more 
of an active part in the experiment. Two visits to Toledo were 
not sufficient. 
Secondly, it would have been a good idea if the author 
investigated the teaching methods employed by the teachers 
previous to the start of the experimant. It is entirely possible 
that authoritative teachers could have been placed in a meaningful 
situation and vice-versa for the purposes of the experiment. This 
might have effected the teaching and, thus, the results. 
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Thiele, C. L. The Contribution of Generalization to the 
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1
1 Purpose of the Investigation 
II 11 To obtain experimental data bearing upon the effectiveness 
1
1
1 of the two methods (drill and generalization) of teaching the 
1 
munber facts,' 
Justification for the Investigation 
At the time of' this investigation, not enough rese•rch was 
available on this problem. 
Scope and Delimitation of the Problem and its Investigation 
Five hundred twelve beginning second-graders, in 18 classes, 
in the public schools of Detroit, Michigan were used. They were 
divided into two groups which the author attempted to equalize 
on the basis of I. Q. scores and socio-economic index: 
1. Generalization group (G) - 242 pupils 
2. Drill group (D) - 270 pupils 
The experiment lasted for 19 weeks. The first 4 weeks were 
used for a number readiness program designed to better equate 
the groups. This was followed by 15 weeks of instruction devoted 
to the teaching of the addition facts. Daily instruction time 
was the same for both groups. 
Plan of the Investigation 
During the first four weeks, all the pupils were exposed 
to the same type of number readiness program, the principal goal 
of which was to develop number meaning. 
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During the next fifteen weeks, both groups were taught the 
addition combinations, one group according to the generelization 
method, one according to the drill method. 
A great deal of care was taken in training the teachers of the 
two different groups. Detailed instructions, seminars and unit 
plans were given to both sets of teachers. 
The Generalization Method Program included: goals, order of 
presentation and teaching procedure, which emphasized 11 discovery 
and use of relationships existing among addition ocmbin~tions. 11 
Teachers in this group were urged to give special consideration to 
the following when teaching: •number meaning and relationships;" 
"social usage to which the number facts can be put;" and 11 ingenuity 
and resourcefulness in dealing with numbers. 11 
For the drill group, the general goal was the same as for the 
generalization group: "the development of the ability to give 
answers for the abstract combinations and the ability to apply 
the addition combinations." The emphasis was placed upon giving 
answers for isolated facts that had no relation to one another. 
The facts were not to be presented in any special order, but the 
teachers were given unit patterns to follow to assure continuity. 
The experimenter observed all the teachers on two different 
occasions to assure that they were following the directions. 
The measurement was based upon two tests: the· 11 100 Addition 
Fact Test 11 and a 11 Transfer of Training Test." 
The 11 100 Addition Fact Test" was given both as a pre-test and 
as an end-test. Its purpose was to test whether students had 
developed the ability to give answers for the abstract combinations. 
The facts were on flash cards and presented in the same order both 
times. 
The "Transfer of Training Test 11 was designed to see if the 
children could apply their knowledge to examples whose sums were 
larger than 20. The test consisted of )0 items, 26 of which re-
quired adding a two-place number to a one-place number. These 
were also presented on flash cards. The same amount of time (4 seconds) was allotted per example in this test as in the 11 100 
Addition Fact Test." 
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Major Findings 
The gain of the drill method group is only 65% of the growth 
indicated by the gain of the generalization group. 
Comparisons made between gains on the basis of initial scores 
without regard for intelligence ratings are also in favor of the 
G students. 
The G group did better on the harder addition facts. Both 
groups did the same on the easy ones. 
The hardest ite.zs~or the D group were the doubles. 
The G group did better on the "Transfer of Training Test." 
00n the 'Transfer of Training Test• as administered, the 
superiority of the generalization method pupils is almost as great 
as it is in the case of the 1100 Addition Fact Test.'" 
0Not only did the generalization method pupils make greater 
gains, but they also achieved higher averages when the relative 
difficulty of each combination was computed." 
"The superior results achieved by the G method pupils are 
in a very large measure due to the fact that they learned the 
so-called harder addition facts better than did the drill method 
pupils." 
The comparison of gains made by the pupils of the same in-
telligence ratings favors the generalization method. The reliability 
of the difference indicates that 0if the experiment were repeated 
with another sampling of pupils, there is a practical certainty 
that the pupils taught by the generalization method would again 
make the greater gain. 11 
Major Conclusions, Implications, Recommendations 
For the study as a whole, the differences are decidedly in 
favor of the generalization method. They made better achievement. 
"The drill method pupils would need to spend about 5o% more 
time to reach the point attained by the generalization method group 
at the end of the experiment. In other words, the pupils learning 
by the drill method would require about 22 weeks to master the 
addition facts learned by the generalization method pupils in 15 
weeks." 
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-"~ -- -~~- - ~t is a ~od idea "to m=e a~i U..e~= :ess a challenge to 
~~~ the pupil's memory and more a challenge to his intelligence, • n 
11 
as Brownell stated, 
Comments 
The author seemed to pay more attention and effort to the 
directions for the generalization group than the drill group. 
He seemed to have almost gone out of his way to give very little 
continuity to the organization of the drill program. 
The flash card technique would tend to favor those students 
who were superior in visual as opposed to written computations. 
However, the opposite would be true in most studies. This pro-
cedure is unusual, and the author should have explained why he 
used this method. 
In order to insure the standard of teaching, we believe 
that more care should have been taken to equalize the back-
ground and training of the teachers. 
This study was well done, carefully planned and controlled. 
He attempted to outline in great detail the procedures that each 
teacher should know. Furthermore, the author tried to use a 
wider evaluative base. He accomplished this by not only evaluating 
the rn.te and accuracy of the students, but also their ability to 
usect;he knowledge they had gained in new situations. 
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Bibliographic Citation 
Anderson, G. Lester. "Quantitative Thinking As Developed Under 
Connectionist and Field Theories of Learning. 11 Learning Theory in 
School Situations. University of Minnesota Studies in Education, 
No. 2. Minneapolis: University of Minnesota Press, 1949, pp. 40-73· 
Purpose of the Investigation 
"To investigate the hypothesis that learning which emphasizes 
understanding and generalization is more efficacious than learning 
which emphasizes the relative discreteness of the elements of know-
ledge and skill." 
Justification for the Investigation 
Few studies have been done on this subject. Results to date 
are neither clear nor conclusive. 
Scope and Delimitation of the Problem and its Investigation 
Three hundred eighty-nine students in 18 fourth grade classes 
in 18 Minneapolis public schools were involved in this study; 258 
pupils in 10 classes taught by the drill method, and 181 in 8 
classes taught by the meaning method. Final data were based 
on 8 classes in the drill group and 7 classes in the meaning 
group; 3 classes were withdrawn in order to better equate the drill 
and meaning classes. 
The experiment lasted for 7 months, from November through 
May. 
Eighteen teachers were selected and trained for this project. 
Plan of the Investigation 
An I. Q. test administered by the Minneapolis Schools was used 
as the measure of intelligence. 
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Teachers were chosen on the basis of their teaching and their 
philosophy of education. This was accomplished by interviews and 
an inventory test. Thus, no teacher was required to change his 
or her procedure. "No marked differences were found among the two 
groups of teachers on (a) supervisor's ratings, (b) training, (c) 
age, (d) liking to teach arithmetic, (e) previous procedures in 
individualizing instruction, or (f) use of text- and workbooks." 
The two groups of teachers had separate meetings with the 
experimenter four times in September and October, once in December, 
and once in March, at which they carefully went over manuals and 
objectives of their respective methods and discussed questions 
which had arisen. The manuals "were prepared in order to develop 
in the teachers an understanding of the method, and purported to 
be suggestive rather than conclusive." 
The teachers kept daily logs on prepared forms, and they were 
observed by the experimenter and/or trained assistants to make 
sure that their teaching was consistent with their philosophy. 
Pupils were randomly assigned to classes and were taught by 
one method or the other for the duration of the experiment; they 
were given several tests. Statistical techniques that were later 
applied adjusted the scores so that the groups could be compared. 
Teachers of the drill classes spent approximately eleven 
minutes a day on instruction and twenty-four minutes a day on 
drill. In the meaning classes, they spent about twenty-seven 
minutes a day on instruction and eighteen on drill. 
The following tests were given during the experiment: 
Compass Survey Tests in Arithmetic, Elementary Examination 
(Grades 2,~,4) Form A - Used as pre-test and post-test. 
Analytical Scales of Attainment in Arithmetic, Division I 
(Grades III-IV) Form B (Measuring quantitative relationships and 
vocabulary). 
Minneapolis School Ability Test. 
Tests constructed by the experimenter and teachers during 
the year. 
Tests on fUndamental skills: addition, subtraction, multi-
plication, and division. 
Test of mathematical thinking (Sections I and II), constructed 
by the author--transfer test. 
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"'. II I Major Findings 
I 11 The evidence is far from conclusive that the instructional 
procedures followed in this experimental study resulted in real 
differences in the performance of pupils on tests that purported 
to be measures of computational skill." 
In six out of twelve comparisons made by the author, the 
differences between the groups failed to be significant at the 
.05% level. 
11 When significant differences were found, they indicated that 
the drill method tended to be superior for pupils who scored low 
on the Minneapolis School Ability Test but high on the arithmetic 
pretest." 
"The meaning method tended to be superior for pupils high on 
the ability test but low on the arithmetic pretest. 11 
11 If' efficiency of' learning is to be judged by recall of 
knowledge and skill in a relatively unchanged form or in a 
situation relatively unchanged from that in which the learning 
took place, this investigation presents little evidence that 
supports the hypothesis of' the study." 
11 If, however, the efficiency of learning is judged by the 
extent to which it can be applied in appropriate situations which 
differ, not in principle, but ~n detail from those in which it 
was originally acquired, this investigation does support the 
hypothesis that learning which utilizes field principles and 
emphasizes the understanding is more efficacious than learning 
which emphasizes the discreteness of the elements of' knowledge 
and skill. 11 
Differences in quantitative thinking and vocabulary were not 
significant. 
Major Conclusions, Implications, Recommendations 
11 If skill in computation and solving verbal problems is the 
chief gpal of instruction, the method a teacher chooses probably 
should be determined by the teacher's own predilection." 
11 If more generalized outcomes of instruction, particularly 
ability to think mathematically, are significant outcomes, the 
evidence of this investigation leads to the conclusion that it 
makes a difference how pupils are taught." 
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"The two methods have a differential effect for pupils of 
different abilities and initial achievements; pupils of low 
ability and good achievement learn better under a drill method, 
and pupils of relatively high ability and poor achievement learn 
better under a meaning method." 
"Children learned more under a meaningful than drill approach. 11 
"Remedial instruction should emphasize discovery, formation 
of generalizations, and seeing meaning." 
Comments 
The author states that "no marked differences" were found 
among the teachers who participated in this study on five 
different things. He does not define what he means by 11 no 
marked differences." 
How often were the teachers observed? 
It is nowhere stated exactly what was taught to the fourth 
grade pupils in this experiment. Certainly this is essential 
information. 
Since, however, this is but a report of a longer investigation, 
perhaps these questions are answered in the dissertation of which 
this report is a summary. It appears to us, however, that such 
information should have also been included in a summary. 
There are many phases of this study which should be commended. 
First of all, it is an excellent idea not to try to change a 
teacher's method of teaching. We believe that no matter how much 
training an experimenter gives to a teacher involved in an ex-
periment and no matter how much observing of the teachers is done 
during the experiment, that the chances of a teacher carrying 
through completely with the particular method he or she has been 
assigned to teach are far greater when they are natural and habitual 
rather than forced. There are so many factors involved in ex-
periments of this type which can alter the data, that it seems 
most unwise to add the extra factor of trying to change a teacher's 
way of teaching. 
22 
Dr. Anderson's conclusion that "if skill in computation and 
solving verbal problems is the chief goal of instruction, the 
method a teacher chooses probably should be determined by the 
teacher's own predilection," is most refreshing. Very few people 
have outwardly recognized the importance of the quality of teaching 
in relation to the effectiveness of teaching, Much too often it 
is assumed that if a group of teachers is given one set of in-
structions, the quality of the resulting teaching can be considered 
equal. This is certainly not so and must be recognized in the 
evaluation of any study of this nature. 
As has been concluded in a few other good studies, the author 
here has concluded that it is not the method of teaching that 
makes the significant difference if computational skill is the 
primary goal of teaching. This is a great step forward from 
earlier research which based its findings and conclusions only 
on measures of computational skill. In this study, the author 
has broadened the base of evaluation to include transfer effects 
as well as rate and accuracy. 
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Swenson, Esther J. "Organization and Generalization As 
Factors in Learning, Transfer, and Retroactive Inhibition." 
Learning Theory in School Situations. University of Minnesota 
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Purpose of the Investigation 
"To study learning, transfer of training, and retroactive 
inhibition as they appear in the learning of _the one hundred 
addition facts by second-grade children taught by three different 
methods of instruction, the chief variable among methods being 
the degree of emphasis upon organization and generalization in 
the learning process. 11 
Justification for the Investigation 
Organization and generalization are important recurrent 
factors in the study of re.troactive inhibition, transfer of 
training, and learning in general. 
Scope and Delimitation of the Problem and its Investigation 
The subjects for this study were ~~2 pupils from 14 different 
second grades in the public schools of St. Paul, Minnesota. The 
C. A. 1s of these students ranged (at the beginning of the study) 
from 70 to 1~0 months, M. A.'s from 71 to 114 months, and I. Q.'s 
from 74 to 146. The schools involved in the experiment "covered 
a wide range of ability and socioeconomic level." 
For the purposes of this study the learning material--
the one hundred addition facts--was divided into the following 
three sets: 
Set 0--Qriginal set 
Set !--Interpolated set 
Set F--Final set I I 
I· Classes were assigned at random to one of three different I 
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Teachers had no choice as to which method they were to teach. 
Twenty-five minutes a day was spent studying arithmetic in 
all groups. The whole experiment lasted for twenty weeks. 
Plan of the Investigation 
The following three instructional procedures were used in 
this study: 
1. The generalization method--based on the meaning 
theory of teaching and learning arithmetic. 
2. The drill method--based on drill theory. 
;>. The drill-plus method--" a drill method t'li th certain 
concessions made to the ideas of concrete meaning 
and of organization. 11 
Preparation of the teachers who participated in this ex-
periment included: 
1. Seven meetings with the experimenter at which in-
structions were given and procedures for teaching· 
and testing were explained. 
2. Manuals written by the experimenter describing and 
supporting each theory and giving directions for 
teaching--one for each method. 
~. Visits to the classrooms by the experimenter. 
The first two weeks of the experiment consisted of a readi-
ness program; all classes were given similar instruction in 
number meanings. 
The time schedule of the remainder of the experiment was 
so organized that all subjects received three different periods 
of instruction in addition facts following the readiness program. 
Set 0 was taught during the first period, Set I during the second, 
and Set F during the third. Only one set of facts was taught at 
a time. When one set was being taught, there was no teaching 
involving facts from the other two sets. Each group was taught 
by one of the three methods described above. 
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The following tests were given: 
1. Kulhmann-Anderson Intelligence Test for Grade II--
during readiness instruction period. 
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2. Test on the one hundred addition facts--on five different 
occasions: 
1. Last day of readiness instruction 
2. Last day of original fact instruction 
~. Last day of interpolated fact instruction 
(just before Christmas vacation) 
4. The day after Christmas vacation 
5. Last day of the final fact instruction 
The test was amninistered by means of flash cards. 
~. Transfer Test A--test on the one hundred untaught 
subtraction facts--also by flash cards. 
4. Transfer Test B--one hundred "decade facts 11 --addition. 
Written test, not timed as were all previous tests. 
5. Transfer Test C--untimed written test of 40 items with 
variety of addition examples. 
Transfer Tests A, B, and C were given on the three successive 
school days following the fifth addition fact test. All tests 
had reliability coefficients between .9517 and .9864. 
Major ·Findings 
11 There seemed to be a tendency for retroactive inhibition to 
appear more frequently and in greater amounts for groups of children 
taught by drill methods that discouraged organization and generaliza-
tion among the number facts than for groups of children taught to 
organize the facts around generalizations. Children taught by a 
method that organized facts by size of sum but otherwise ignored 
generalization of number relationship took an inte~ediate position 
in amount of retroactive inhibition." 
"Learning of an interpolated set of addition facts resulted 
in most cases in significant amounts of transfer to previously 
taught but unlearned addition facts." 
The "most transfer to untaught addition facts resulted in 
groups taught to organize addition facts around number generaliza-
tions." 
"The net effects of instruction on each set of facts for the 
whole study showed a significant advantage for the generalization 
method over the drill and drill-plus methods, the generalization 
group achieving significantly higher gains on original and final 
1 
facts by the end of the study." 
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Major Conclusions, Implications, Recommendations 
"The evidence concerning transfer in this study lends some 
support to the hypothesis • • • that organization and generalization 
during the learning process are decisive factors in facilitating 
transfer •••• The evidence of the present study has been such as to 
indicate somewhat more facilitation and somewhat less interference 
under the learning conditions represented by the generalization 
method of instruction on addition facts. 11 
"vlhen the learning results are viewed in their totality, the 
instructional method that was designed to represent the meaning or 
generalization theory of teaching arithmetic seemed to result in 
learning achievement which was superior to that of either the method 
based on drill theory or that which represented drill modified by 
size-of-sum organization." 
"The total net effects of instruction-transfer, retroactive 
inhibition; and learning during instruction-show the highly 
significant superiority of the generalization method of learning 
the addition facts. It seems that teachers should adopt this 
method quite readily as an aid to their teaching and to their 
pupils 1 learning." 
"Textbook writers probably should begin revising the manner 
in which the addition facts are usually presented in elementary 
arithmetic books. The size-of-sum presentation which is so 
common, with little concrete instruction in the meaning of 
number facts, is very similar to the drill-plus method which did 
not show up very well in the present experiment." 
11 Research workers in the field of arithmetic should plan 
their research and interpret their results in terms of the type 
of learning situation in which children are doing their learning." 
Comments 
How many times did E visit each classroom? 
The author does not make clear how the facts were divided 
into the three different sets. Since the sets varied slightly 
for the different groups, it would seem relevant to explain how 
the sets were determined. 
The three groups should have been matched for more than just 
M.A. and initial knowledge of addition facts. (See pp. 31,47,73) 
We disagree with the principle of assigning teachers to 
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different methods. Our reasons are discussed in the comments on 
Jl the study by Anderson. 
The report here abstracted is but a summary of a longer more 
detailed report of a complex, well-conducted, comprehensive study. 
The author accumulated, organized,and analyzed her data well, 
recognized the short-comings of the study, and drew valid and 
reliable conclusions based on both the good and bad points of the 
study. 
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Purpose of the Investigation 
To investigate the effectiveness of the meaning versus the 
rule method in teaching arithmetic. 
Justification for the Investigation 
Previous studies had only considered one area of arithmetic. 
Since general results or conclusions cannot be drawn from the 
findings of many different experiments of limited scopes, a more 
comprehensive study was needed. In an attempt to be more compre-
hensive, this study tested all areas of arithmetic. 
Scope and Delimitation of the Problem and its Investigation 
Eight instructors and 180 matched pairs of students in the ••venth 
grades of 5 junior high schools in the Los Angeles City School District 
were involved in this study. Students were matched on the basis of 
a maximum of a two point difference in test scores on the Otis I. Q. 
test and the California Meaning Test. 
The experiment itself lasted for one entire semester; are-
tention test was given following the summer vacation. 
Plan of the Investigation 
Eighteen instructors were observed by the experimenter on 6 to 
8 different occasions and rated for meaning and rule content in 5 
categories of their teaching: leatures, type of classwork, type of 
text, kinds of tests, and an independent evaluation by means of a 
supervisor's rating. 
~---~--~-~--- ---------------- ------------
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Four instructors at each extreme (rule and meaning) were 
chosen to participate in the experiment. No teaching procedure 
was suggested, thereby enabling normal classroom techniques to 
be observed without any alteration of the actual instruction. 
The California Arithmetic Test and the Meaning Test were 
given three times during this experiment. The first time was at 
the beginning of the semester, when they were given to 600 7B 
students in 15 classes. From these, the author selected 760 students 
to participate in the experiment; they were matched on the basis 
of Otis I. Q. and Meaning Test scores. The 180 matched pairs took 
the tests again at the end of the semester. After the summer 
vacation, a re-test was given to 95 of the 180 pairs of students 
to measure retention. 
"Not only were the total test scores for both groups compared 
but also certain finer subdivisions were studies [sicJ such as 
areas of arithmetic, degrees of complexity of arithmetic and I. Q. 
levels." 
Major Findings 
11 The Meaning Test showed a near significant difference ( 10 
percent level) in favor of the meaning method at the end of the 
retention period. 11 
"The California Arithmetic Test produced a near significant 
gain (10 percent level) in favor of the meaning method at the end 
of the semester and a significant difference (5 percent level) at 
the end of the retention period." 
In the area of computation of fractions, the meaning method 
was more ef:f'ective. In the areas o:f' decimals and percentage, the 
meaning method was superior but only during the semester. The 
rule method was superior :f'or the area of measurement, but also 
only during the semester. 
The meaning method was more ef:f'ective in establishing retention 
in the processes of computation as well as for the understanding o:f' 
the principles of arithmetic. 
The meaning method was more effective for the comprehension 
o:f' complex analysis in arithmetic indicating a potential superiority 
:f'or difficult concepts. 
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For the average and high I. Q. groups, the meaning method was 
more effective. For low I. Q. groups, the rule method seemed to be 
more effective, but "the results are open to doubt due to a bilingual 
factor." 
Major Conclusions, Implications, Recommendations 
"Continued research is necessary to establish the effectiveness 
of the meaning method in all areas of arithmetic. Repetition of 
experiments is necessary to validate the conclusions of the studies 
in areas of arithmetic." 
"Better design of experiments is necessary to examine the role 
of the meaning method for the comprehension of complex processes. 
Further verification of this trend could lead to important impli-
cations for arithmetic learning." 
"A complete investigation should be made to check the value 
of the meaning method and its effect on increased retention. 
Such a study could provide evidence for a greater mastery of 
arithmetic by the students through better teaching techniques. 11 
Comments 
This study was good for two reasons: one, it covered a whole 
arithmetic program rather than just one aspect of it; two, it 
extended not only over one entire semester, but also over the 
summer vacation so that retention could be measured by a test 
given in the fall. Again here, however, the question of un-
controlled intervening variables arises. 
The author did not match the students for socio-economic 
class, age, or background. Also, there is no infor.mation as to 
what the subjects had previously learned in arithmetic or how 
it had been taught; differences in these factors could have 
influenced the results in this study. 
The author must also be commended for not attempting to 
change the teaching method of the teachers involved in this 
experiment. 
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in Arithmetic. 0 The Arithmetic Teacher, V, No. 6 (December, 1958), 
pp. 281-286. 
Purpose of the Investigation 
To determine the effects of the meaning method of teaching 
arithmetic. 
Justification for the Investigation 
It has been the general consensus for a long while that 
the meanings approach in teaching and learning was a possible 
solution to the problem of improving learning in arithmetic. 
Studies are needed to determine the effects of this approach. 
Scope and Delimitation of the Problem and its Investigation 
This experiment extended over a period of five years. Two 
hundred sixteen teachers were involved, ~ in each of the first 
six grades. Experimental and control groups were matched, within 
the same school systems, on the basis of the following items: 
a. Both groups studied textbook procedures the previous 
year. 
b. Matched pairs had I. Q. 1 s w1 thin 5 points, chronolog-. 
ical ages within 6 months, Metropolitan pre-test 
scores within 3 months. 
c. Teachers for both groups in a school system were 
adjusted equally effective by the school administra-
tion. 
Final comparative data were based on 2,000 matched pairs 
of students at each grade level. 
" I 
Plan of the Investigation 
During the years 1940 to 1950, the author, 111 th the aid of 
566 teachers and many parents, gathered information about the 
daily experiences which pertained to arithmetic of 72,000 child-
ren in grades one through eight. This was accomplished mainly 
through the writing of detailed logs. 
The information obtained was organized into arithmetic units 
and enrichment material. The former used material involving the 
kinds of experiences usually encountered by 85% of the pupils; 
the enri~~ent materials utilized the kinds of experiences en-
countered by only 15% of the pupils. Complete materials--lesson 
plans, stories, etc.--for one year 1 s work were compiled. It was 
decided to use a meaningful approach in teaching these materials 
in the experimental study to follow. This work culminated the 
investigation of the ten years prior to the experimental study. 
During the years 1950-1955, pupils in the experimental group 
were taught by the 111 cone-of-experienoe 1 method in meanings," 
using the new materials •. The control group followed the standard 
textbook procedures. 
Two types of measures were used to secure objective data 
on which to evaluate the teaching program which had been developed: 
1. The Metropolitan Standard Tests were used as a pre-
test and a post-test. The "amount of growth" was. deter.mined for 
both the experimental and control groups by finding the difference 
between the scores on the pre-test and post-test. 
2. The "percent of sustained attention" shown by each 
pupil during the arithmetic class was determined by "having an 
observer hold a stopwatch on pupils during the class period." 
This procedure was carried on until there were 100 pupils at 
each grade level, "about equally divided among slow, average, and 
fact pupils." 
Major Findings 
"The meanings (cone-of-experience) method produced results 
that were, on the average, one year above those under the control 
method." 
"Meaningful teaching by the cone-of-experience method gave 
every learner a level of successful operation." 
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With grade one children after the first half-year of study, 
"it was dete~ined that the control group that initiated number 
study through rote counting were one and one-half months behind 
the experimental group which had its beginning work as the recog-
nition of group values without counting." 
The experimental groups yielded an average of 92% concen-
tration while the control group had an average of 66%. 
It was possible for pupils in the experimental group to 
complete from four to twelve supplementary projects within the 
year at each grade level. 
Major Conclusions, Implications, Recommendations 
There appears to be evidence that "a program of meanings 
will improve learning in arithmetic." 
\'fi th the meaning method, each pupil has an opportunity 
to work at his own level and gain a sense of accomplishment. 
Comments 
This is evidently a summary of a longer, more detailed report. 
We assume that certain info~ation missing here is included in the 
longer report; as for example, where the experiment took place and 
a clear definition of the "cone-of-experience" method. 
The teachers who participated in the 5 year experiment from 
1950 to 1955 were not the same ones who took part in the work of 
the first ten years. This new group of teachers who were selected 
for the actual experiment did not receive, at least according to 
this report, any instruction. How can we be sure that they under-
stood what they were teaching and what their goals were? No doubt 
there were also differences in the methods used. Could these have 
affected the results? 
In regard to the students who participated in the experiment, 
the author investigated how and what they had studied the year 
previous to the experiment. But what about the years before that? 
These, too, would be important. 
We wonder what no~s were used in arriving at the comparisons 
and conclusions. We must assume that only the Metropolitan Stand-
ard Tests were used. 
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One of the best things 
population that was used. 
have a smaller population 
for social class. 
about this experiment is the large 
It would seem preferable, however, to 
that was better matched, as for instance, 
We were also very impressed with Dr. Stokes• definition of 
the aim of teaching arithmetic: to "produce the individual that 
acts upon thinking." 
Had the author also administered a good test involving 
arithmetical principles and concepts, his results might have 
been both more pronounced and more valuable. 
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CHAPTER TWO 
SECTION II 
THE DECOI-1POSITION VS. THE EQUAL ADDITIONS METHOD 
OF TEACHING SUBTRACTION 
!i 
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Bibliographic Citation 
Ballard, P. B. "Norms of Performance in the Fundamental 
Processes of Ari thmetic. 11 Journal of Ex erimental Peda o , 
II (lecember, 1914), pp. 29 - 05; III (March, 1915 , pp. 9-20. 
Purpose of the Investigation 
The purpose of this investigation was 11 to establish norms." 
(Johnson, 19)8, p. 28) 
Scope and Delimitation of the Problem and its Investigation 
This experiment involved 9,176 boys from 35 boys' schools 
and 9,502 girls from ;6 girls' schools. The subjects were of 
varying ages. 
Plan of the Investigation 
A timed test adapted from the Courtis Standard Practice 
Tests, Series B, was given to all subjects. The tests were 
scored objectively. 
Major Findings 
Equal Additions was found to be "superior at all ages, 
8 to 14; that is, clearly superior in accuracy and less so in 
rate." (Brownell, 1949, p. 16) 
Ballard reported the results as follows: 
"'Suffice it to se:y that for every age the E. A. 
(equal additions) children of both sexes were found 
to work subtraction more expeditiously than the D 
(decomposition) children. And on the whole the number 
of errors was less. 111 (Johnson, 19)8, p. 28.) 
Comments 
Gladys and Joel Rheins quote K. Lovell and C. H. J. Smith 
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as stating that: 
11 Ballard (!ngland) maintains that with boys and 
girls the method of equal additions is quicker and 
fewer errors are made, although the advantage be-
comes less as the child becomes older (by about 
thirteen years or age. ) 11 
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Bibliographic Citation 
McClelland, iv. W. "An Experimental Study of the Different 
Methods of Subtraction." Journal of Experimental Pedagogy, IV 
(1918), pp. 297-299· 
Purpose of the Investigation 
To determine which procedure for subtracting (Decomposition 
or Equal Additions) is the best method. 
Scope and Delimitation of the Problem and its Investigation 
This experiment involved 143 thirteen-year-old students; 
63 used the EA method and 80 used the D method. 
Plan of the Investigation 
A ten minute timed test was given to the 143 subjects. 
Later, both groups (EA and D) were given practice in 
subtracting over a long period of time. 
Major Findings 
On the original test, "the equal additions group subtracted 
161 columns with 6.7% errors and the decomposition group sub-
tracted 134 columns with 9.7% errors." (Johnson, 1938, p. 28) 
The results after practice indicated that "children using 
the decomposition method could subtract more rapidly than those 
using the equal additions procedure." (Weaver, 1952, p. 14) 
Major Conclusions, Implications, and Recommendations 
"McClelland concluded by saying: 
1The method of equal additions appears superior 
in speed, accuracy, and adaptability to new con-
38 
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ditions, while the method of decomposition is 
superior in speed after long practice." (Johnson, 1938, p.28) 
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Taylor, J. S. "Subtraction by the Additive Process." 
I Elementary School Journal, XX (November, 1919), pp. 20)-207. 
I 
Purpose of the Investigation 
To study the methods of compound subtraction actually used 
in the schools of two districts of New York City in 1919. 
(Johnson, 19)8, p. )0) 
Scope and Delimitation of the Problem and its Investigation 
This study involved 11,)68 pupils in grades four, five, 
and six. 
Plan of the Investigation 
A simple compound subtraction test was administered to the 
subjects who all attended schools where the Austrian method had 
supposedly been taught and used for at least six years. This 
would mean that all subjects were initially taught to subtract 
using this method. 
M,ajor Findings 
Twenty-one and eight-tenths percent of the pupils used the 
Decomposition method. 
Fourty and six tenths percent of the pupils used the 
Equal Additions method. 
Thirty-seven and six tenths percent of the pupils used the 
Austrian method. (Johnson, 19;8, p. )0) 
"The number of pupils using the Austrian method dropped 
from 52.7% in the fourth grade to 21.2% in the sixth grade." 
The change was to the Decomposition method. (Johnson, 19;8, p. )0) 
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~,1ajor Conclusions, Implications, and Recommendations 
0 The Austrian method was a failure in the schools of the 
two districts studied •••• 'By the time children reach the 
sixth grade, 88 out of every 100 subtract by a method which is 
officially excluded from the schools.'" (Cosgrove, p. 15) 
Critical Discussion 
Johnson comments as follows: "Taylor's conclusion that the 
Austrian method was a failure in New York may not be correct, 
because, no doubt, there were many teachers who failed to follow 
out the prescription and taught other methods besides the Austrian. 
This report proves nothing with regard to the efficiency of either 
method. Some interesting data might have been had if the accuracy 
results obtained from this study of 11, ;68 pupils using three 
different methods had been saved." (Johnson, 19)8, p. )0) 
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Bibliographic Citation 
Beatty, W. W. "The Additive versus the Borrowing Method 
of Subtraction." Elementary School Journal, XXI, (November, 
1920), pp. 198-2QO. 
Purpose of the Investigation 
To determine whether upper-elementary students in a cer-
tain district of California, where the Austrian method has 
been taught, actually used the Austrian method of subtraction. 
Scope and Delimitation of the Problem and its Investigation 
A timed subtraction test was administered to 175 upper-
elementary students. 
Major Findine 
Of the 175 students, 115 actually used the borrowing method. 
(Johnson, 19;8, p. ~0) 
11 The Austrian method group showed a median accuracy of 
81. 7%, in comparison w1 th 79.~% for the borrowing, or D group.'' 
(Cosgrove, p. 16) 
"The median rate, however, was 9.2% for the D group, and 
8.2% for the Austrian group. The D group was approximately 
12,%more rapid and nearly~% less accurate." (Cosgrove, p. 16) 
Critical Discussion 
Johnson states that "he @eatty] gives no evidence of having 
checked to discover whether these 115 pupils were the same 115 
who had actually been taught the Austrian method. Transfers 
and changes in teacher personnel may have accounted for results 
in many of the 115 oases. The results are not convincing for the 
difference in accuracy favors the Austrian group by 81.7% to 
79.,%, while the difference in rate favors the borrowing group 
by 9.2 to 8.2 examples done." (Johnson, 19;8, p. ~) 
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Bibliographic Citation 
Winch, W. H. •Equal Additions versus Decomposition in 
Teaching Subtraction.• Journal of Experimental_~edagogy, V 
(1920), pp. 207-220; VI (1921), pp. 261-270. 
Part I 
Scope and Delimitation of the Problem and its Investigation 
In this experiment, thirty-eight twelve-year-old girls 
who had all "been taught the decomposition method, were 
divided into eqpal ability groups." (Johnson, 19~, P• 28) 
Plan of the Investigation 
For the next two months, "one group continued with the D 
method; the other was introduced to, and practiced in, the EA 
method for the same length of time. 1 All teaching and testing 
of both groups were done by the same teacher."' (Cosgrovel p. ~) 
Major Conclusions, Implications, and Recommendations 
"
1 (1) The method of Equal Additions in sub-
traction taught to children late in school life, who 
have previously worked by the Decomposition Method, 
produces results in a few weeks equal on the whole, 
and superior in the weaker children, to those by the 
Decomposition Method. 1 " 
"'(2) The amount of' the gain involved does not 
justify a change at this late period of a child's 
career. 111 
Critical Discussion 
"Additional weight would seam to attach to the first of these 
conclusions in view of the fact that the second group were heavily 
handicapped first in unlearning the familiar decomposition method 
and then in learning and practicing a new method in the same 
length of time as was spent by the first group in improving their 
own familiar method of decomposition.• (Johnson, 19~8, p. 29) =oloccocc~c- -· --=---~--~-----= ---=~• ----~ = --~- -
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Part II 
The results of the first experiment led Winch to conduct 
a second investigation the same year. 
Scope and Delimitation of the Problem and its Investigation 
For this investigation, the subjects were 46 girls whose 
average age was eight and one-half' years. Most of them were 
just learning to subtract. (Johnson, 19,S, p. 29) 
Major Findings 
"He [Winch:l says the results were more marked than before 
and states that in the case of' both inferior and superior 
children, 'The method of equal additions shows to decided ad-
vantage with young children in accuracy and rapidity.'" (Johnson, 
19,S, p. 29) 
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II Johnson, J. T. "The J.1eri ts of Different Methods of Subtraction." 
Journal of Educational Research, X (November, 1924), pp. 279-290. 
Purpose of the Investigation 
To determine the best method of subtracting. 
Justification for the Investigation 
Previous research in this area has only led to a great deal 
of confusion. 
Scope and Delimitation of the Problem and its Investigation 
This study involved 277 students in t.l}e Chicago Normal 
College during the academic year of 1923-24; The students, 
according to the author, had similar backgrounds and a good range 
of I. Q. 1 s. 
Plan of the Investigation 
The author administered one test of 17 subtraction examples 
to all the students. On the fourth example, each student was 
told to write out .in detail the method he used to subtract. The 
time it took to complete the test, in minutes and seconds, was 
recorded on each paper. The papers were corrected for the number 
of examples wrong. 
Major Findings 
The author found that four methods were used to subtract: 
I. Take-away--borrowing 
II. Take-away--carrying 
III. Additive--borrowing 
IV. Additive--carrying 
(220 students) 
( 25 students) 
( 8 students) 
( l;i students) 
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Those who used method I averaged one more wrong than those 
who used methods II and IV. 
11 Students using method I took 25% more time to complete the 
test than those who used method II and nearly 50% more time than 
the pupils who used method IV. 1 
Intelligence did not appear to be related to the choice of 
the method of subtraction. 
Method II, which proved to be the fastest method, was also 
the most accurate; the next fastest method was the next accurate, 
Major Conclusions, Implications, Recommendations 
There are four distinct methods of subtraction: 
Borrowing in the minuend: 
I.- subtractive 
III.- additive 
Increasing the subtrahend: 
II.- subtractive 
IV.- additive 
"The decomposition method is apparently not the best one to 
use when subtracting. 11 
11 A method where the subtrahend is increased (by many called 
equal additions) appears to be better than one that involves 
borrowing in the minuend." 
"Further investigation will have to prove which variation of 
the equal additions method (II or IV) is better." 
Comments 
Considering the fact that the study was done in 1924, its 
validity today is negligible. In the past few decades, the 
teaching system itself has undergone a reconstruction and re-
evaluation. As a result, those methods employed in 1924 are 
no longer used today in ,.ill the school systems. 
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should have been included: 
1. Did all the students take the test at the same time? 
2. What knowledge of the past experiences of the students 
did the author have? ~. Did the author describe the different methods before 11 
he asked the pupils to write about them? I 
At the conclusion of his investigation, the author learned I 
that there were four distinct groups. Although it was stated \i 
that the students had similar backgrounds and a good range of' 
I. Q. • s, there was no indication, from this study, as to which 
11
, 
students with what I. Q. 1 s and backgrounds were in each group. 
It is entirely possible that the students with the highest 
I. Q. 1 s and the best backgrounds could all have been in one 
group. (Method 2) 
The number of students who were in groups 2, ~. and 4 was 
so small that no valid conclusions can be obtained from them. 
Hence, the percentages that the author has stated in his 
findings have no firm basis with such a minor distribution. 
Johnson, himself, states that although this study appears 
to show that equal additions is better than decomposition, fur-
ther investigation to determine whether equal additions is 
truly superior is needed. 
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Bibliographic Citation 
Knight, F. B., G. M. Ruch and E. 0. Lutes. 1 How Shall Sub-
traction be Taughtt• Journal ot Educational Research, XI, (1925), 
No. ~. PP• 157-168.- Microfilm. 
Purpose of the Investigation 
To show that research has been so inconclusive that equally 
valid research can be found to support teaching subtraction by 
either the take-away, additive, borrowing, and equal additions 
methods. 
Justification for the Investigation 
At ~e time of this study, there had been no real scientific 
evidence to prove that there was one best method of teaching sub-
traction. The issues ihvolved cannot be settled until adequate 
data are secured to allow much more critical and comprehensive 
evaluation than had been previously obtained. 
Plan of the Investigation 
The authors proposea 1~ criteria as bases for more comprehensive 
evaluation of the methods of subtraction. 
They then evaluated the following four methods of teaching 
subtraction on the bases ot these criteria. They did this by com-
paring method A with method B and method C with method D. 
A. Subtractive (9 less 7 equals 2) 
B. Additive (7 plus what equals 9) 
c. Borrowing 
D. Austrian 
48 
Criterion: 1Most helpful transfer from previous learned skill1° 
Findinga There was little difference, if any, between A ·. 
and B; however, C was found to be better than D. 
Criterion: 1 Which avoids most negative transfer?" 
Finding: A was distinctively better than any of the other 
three methods. 
Criterion& 0 Which method uses simpliest process?" 
Findings Type B seemed, at first, to be the best, but its 
advantage diminished. 
Criterion: "Which carries contributions to other aspects of the 
total subject?" 
Findings Method C was better than D. 
Criterion: 0 Which involves the mastery of fewest facts?" 
Finding: Methods A and C were on even terms with Methods 
C and D. 
Criterion: 8 Which can be carried furthest with reasonable case11 
Finding: Method C was the best. 
Criterion: •Which was more adequately rationalized?• 
Finding: Method A was easier than B; method C was better 
than D. 
Criterion: "Which admits most effectively to drill devices?" 
Findingt No difference between the four methods. 
Criterion: •which contributes best to thinking in problem solving11 
Findings It was difficult to distinguish between A and B. 
Criterion& "Which admits to the better check?" 
Finding: Methods A and C have the best ~heoks. 
Criterion& "Which is best illustrated by object teachingTa 
Findings There was no difference between the four methods. 
Criteriona 11 Which seems most natural?" 
Finding& They are all natural. 
Criterion& "Which is defended on experimental evidence?" 
Finding: Experiments favor the A and C methods. 
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14ajor Conclusions, Implications, Recommendations 
Methods A and C seem to have a great deal in their favor. 
"A teacher could teach either of the above mentioned methods 
and be safe. 11 
"The theory underlying subtractive and borrowing methods seems 
to be far superior to any other methods. 11 
Critical Discussion 
In this study, the authors are objecting to the narrow evaluative 
base upon which research previous to 1925 had rested. Although their 
criteria 11 apply more to the differences between the additive and sub-
tractive methods of subtracting than to those between decomposition I and equal additions,n1 they serve as an excellent criticism of previous 
II research in which the findings had been based solely on speed and 
1
1 
accuracy, and as an excellent guide to the kind of evaluation which is 
necessary to conclusive study in this area. It is a pity that such 
criteria were not really used until Brownell and Moserls study in 1949. 
11 As the advocates of these criteria themselves state, there is 
considerable overlapping among the criteria. Thus, criterion 1 as 
well as criteria 2 and 12 (both, in part), relate to transfer from prior 
learning; criteria 2 (in part), 4, 6 and 9 have to do with transfer 
or extension and application to later learning; and criteria 7 and 11 
deal with the question of intelligibility of process as the time of 
learning. Nevertheless, telescoped and reduced in number as much as 
may be, the criteria still call attention to aspects of learning and 
of use which had been disregarded or but lightly regarded in the 
research prior to 1925. 11 (Brownell and Moser, 1949, p. 17) 
The findings expressed here appear to be no more than the authorls 
opinions. Information as to how they arrived at these findings should 
be included. 
The value of this study lies in the thirteen criteria for evalua-
tion suggested by the authors rather than in any conclusiveness of their 
findings. 
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1
:: 'How Shall We Subtract!' Journal of 
Educational Research, XVI, (November, 1927), PP• 257-246. 
Microfilm. 
Purpose of the Investigation 
•To determine if there is a significant difference in means 
between decomposition and equal additions.• 
Justification for the Investigation 
There are several different methods of subtraction being taught 
in America. There are two important reasons why we should decide 
on one method. First of all, children should not have to learn a 
new method every time they change teachers. Secondly• textbooks 
must give sufficient practice. This is impossible if too many 
dif~erent methods must be taught. 
Scope and Delimitation of the Problem and its Investigation 
A test was administered to twenty-three Wisconsin school systems 
which included 1, 414 pupils of grades four, five, and six. 
Plan of the Investigation 
Only one test, constructed by the author, of 12 items which 
included all of the 45 subtraction facts was given to 1, 414 pupils. 
The teachers were told to place an example and explanation 
of the six different methods of' subtraction on the board. The 
students were instructed to determine which method they used. 
BOSTON UtflvER~ 
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The six methods were as followsl 
1. Take-away 
1) Decomposition - upward---A 
2) Decomposition - downward---B 
2. Equal Additions 
1) Upward---0 
2) Downward---D 
'· Additive 
1) Decomposition - upward---E 
2) Equal Additions - upward---F 
When scoring, each wrong combination constituted an error. 
Major Findings 
When the means and standard deviations were computed, they 
were positively skewed in favor of the equal additions method. 
1 The highest frequency was demonstrated in method E." 
Those who utilized the equal additions method all had fewer 
errors; and thus, they were more accurate. 
"Inferior students do worse with decomposition (especially 
method A) than with equal additions•• 
1 The take-away-equal additions students were more accurate 
than the take-away-decomposition pupils." 
"The standard error of the difference between the means 
proved that the take-away-equal additions method was the best 
procedure." 
Major Conclusions, Implications, Recommendations 
The worst possible method to use in subtraction is the 
a~ditive-decomposition method. 
1 Schools which change from take-away-decomposition to 
take-away-equal addition take far lees of a chance than all of us 
take in almost everything we do.• 
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Equal additions is superior to decomposition. 
"The superiority of the take-away-equal additions method 
over the additive is not so certain.• 
Comments 
Although the conclusions derived from this experiment, in 
the author's mind, may be correct and sincere, the correlation 
between the school systems of 1927 and 1962 are not valid. As 
a result, we cannot rely on the information that this study reveals. 
There are fine lines separating the six different methods of 
subtraction as described by the author. It might be difficult 
tor some fourth, fifth, and sixth graders to recognize the dis-
tinction between the methods. These discriminations would be 
especially difficult if, as implied in the study, the teachers of 
the individual classes provided the explanation of the different 
procedures. Many teachers do not understand themselves the dif-
ferences between the six methods. 
We would like to know when the test was administered to the 
students. If the testing was given over a period of a few months, 
the results would not be valid. The reason for this is that 
each month it is possible for the students to increase their skill 
through practice. 
In our opinion the author employs very vague generalizations 
when he reports his results. No charts or tables were given. As 
a result, we were expected to accept his broad generalizations 
without any observable evidence to substantiate them. 
As is the case in many other studies of this type, the 
author's only criteria are rate and accuracy. He omits entirely 
any mention of any understanding on the part of the students. 
This is indeed a small evaluative base. Although these two criteria 
should not be overlooked, we do feel that it is just as important, 
if not more so, to judge two methods QR YR~erstaaQiRg. The reason 
tor this is that if the students do not really understand what 
they are doing, they will not be able to apply their knowledge to 
other situations. 
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Buckingham, B.R. 11 The Additive Versus the Take-Away :t.iethod of 
Teaching the Subtraction Facts." Educational Research Bulletin, 
No. 6, Ohio Sta.te University, 1927, PP• 265-269. 
Purpose of the Investigation 
To determine which of the two methods of subtraction (Decomposi-
tion or Equal Additions) is superior. 
Scope and Delimitation of the Problem and its Investigation 
The author took his subjects from seven schools. The students 
were matched on the basis of I. Q. and placed in two groups; the 
pupils in D learned the Decomposition method, and those in EA were 
taught the Equal Additions proceriure. 
0 The length and number of class periods were the same for both 
groups. 11 (Johnson, 19;8, p. ;o) 
Major Findings 
11 The results from the final tests showed that in six of the 
seven schools the take-away method was superior to the additi ve. 11 
(Johnson, 19;8, p. )0-;1) 
Critical Discussion 
According to Dr. Johnson: 
"The probable error of the difference between means, 
••• was so large as greatly to diminish the reliability 
of the results. The difference in the results of the tests 
in the six groups favoring the take-away method ranged from 
7.2 to 1;.5, while the probable error of the difference 
ranged from ;.8 to 9.8. In the one school favoring the 
additive method the difference in the results of the test 
was 8.; and the probable error of the difference was 4.0. 11 
(Johnson, 19;8, p. ;1) 
Bibliographic Citation 
Daniel, Margaret D. 1 Comparative Merits of Four !<lethods of 
Teaching Subtraction.'' Unpublished l>1asters Thesis, University of 
California, August, 1931. 
Scope and Delimitation of the Froblem and its Investigation 
The subjects for this investigation were 302 second grade 
children who had not learned any subtraction before the beginning 
of the experiment. 
Plan of the Investigation 
11 During the fall term one group of 146 were taught the simple 
subtraction facts by the take-away method and another group of 156 
were taught the subtraction facts by the additive method using 1and. 1 
During the following spring term when subtraction with minuend fig-
ures smaller t:1an the subtrahend figures were taken up in examples 
like 52 each of these groups was divided again and 
~ 
about one half of each group was taught the decomposition technique 
and the other half the equal addition technique. 
"It is evident that four methods resulted from these two di-
vided groups, The groups, as named by Miss Daniel, with the number 
in each follow: 
N 
1I. Take-away equal additions ••••••• 78 
II. Take-away decomposition ••••••••• 68 
III. Additive equal additions •••••••• 77 
IV. Additive decomposition •••••••••• 79 
The four groups were equated (1) in mental ability, using 
the Haggerty Intelligence Test, Delta I, and (2) in adding 
ability, using the Compass Diagnostic Test in Arithmetic, Test I. 111 
(Johnson, 1938, P• 38-39) 
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" il II Major Findings 
II Group II was superior to Group I at the end of the fall 
term. 
Group I was superior to Group II at the end of the spring 
term. 
No significant differences were found between Group III 
and IV. 
Major Conclusions, Implications, and Recommendations 
1 The study seems to show that with pupils who had been 
taught the take-away method on the simple subtraction facts, 
the equal additions technique later produces results superior 
to those produced by the decomposition technique." (Johnson, 19,38 
P• .39) 
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Purpose of the Investigation 
To determine the method of subtraction that is most 
commonly used in the United States. 
Scope and Delimitation of the Problem and its Investigation 
The study is based upon replies to 
23 departments of education, 162 cities 
of State Normals and Teachers Colleges. 
the questionnaires. 
questionnaires from 
and 215 training schools 
A total of 400 returned 
For the purposes of the questionnaire, 12 methods of sub-
traction were recognized. They are combinations of complementary, 
borrowing, and equal additions; downward and upward; additive 
and take-away methods. 
Major Findings 
The 11 take-away method is used nearly 3 times as often as 
the additive. 11 
The 11 borrowing or decomposition form is used two and a half 
times as often as equal additions.• 
11 The upward form is used six times as often as downward." 
11 The take-away, borrowing, upward method received 48 percent 
of the total )86 checks." 
11 The take-away, borrowing method leads in percentages of 
use in all classifications of data." 
"The method ranking next in order of frequency is the additive, 
equal ... addi tions, upward. 11 
--- --·--- ~---------------- --·-----------------~~------ -------------
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"The complementary method is rarely used in the United 
States." 
"There are very few geographical differences in frequencies 
of the methods • 11 
Major Conclusions, Implications, and Recommendations 
"According to experimental evidence to date no method is 
superior to all others. Therefore, it seems justifiable to 
recommend for universal adoption the method that is most com-
monly in use in the United States. All results of this study 
show unquestionably and conclusively that the one method used 
most extensively today in the United States is the take-away, 
borrowing, upward.• 
Comments 
The author bases her conclusions on the philosophy that 
the most commonly taught method is, therefore, the best method. 
This idea i_s indeed a fallcy. 
Critical Discussion 
Dr. Guy Wilson has made a complete summary of this study.1 
Below are some of his comments& 
"The take-away, borrowing, upward method, therefore, 
getting forty-eight percent of the total votes, is the 
method that should be recommended, if present practice for 
the entire country is taken as a basis, No other combina-
tion receives one-third as many votes as this combination. 
It would undoubtedly be of tremendous value from the stand-
point of the learning of subtraction by children if this 
agreement could be realized by the entire country • 11 2 · 
1Guy M. \'lilson, 11 For 100% Subtraction, i'ihat lvlethod? A New Approach."! 
Journal of Educational Research, XXVII (1934), PP• 503-508. 
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Purpose of the Investigation 
11 To determine whether there is any difference in efficiency 
between the methods of subtraction in whole numbers as used in this 
country"--decomposition, equal additions, and Austrian. 
l\ Justification for the Investigation 
i. 
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The methods of subtraction have long been a source of con-
fusion to teachers, students, and school administrators. There are 
several methods taught even in one school. The only way to clarifY 
matters is to determine which method is the best and to adopt that 
one. 
Scope and Delimitation of the Problem and its Investigation 
n p For this study, the author used approximately 1200 students f'rom 
iii grades three through eight in eight schools. No teaching or reviewing 
.I was done. One I. Q.. test and four tests were constructed by the 
I! author and given to each student. 
The author had each student write out just what he said (thought) 
when he subtracted in the two examples, 82-37 and 600-146. He then 
classified the subjects into three groups and equated them on the bases 
of MA, I .Q.. (McCall lvlul ti-Mental Scale), and the number of errors and 
time required on two preliminary tests on the 100 simple subtraction 
combinations. The three groups were as follows: 
Decomposition-D (526 students) 
Equal Additions-E (342 students) 
Austrian-A (186 students) 
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I Plan of the Investigation 
The author constructed two sets of tests: lD and 2D, and lE 
and 2E. The 11 1" tests were composed of the 100 simple subtraction 
facts; the 11 211 tests were made up of 11 those same 100 facts in the 
same order but put together in examples so as to require the one 
extra operation demanded by the subtraction method used." Two sets 
of tests were necessary so that the order of the facts would be 
the same in test 1 and 2 regardless of which method the student 
used. 
Each student took all four tests. Only the two tests which 
were designed for the particular method that the students used 
were scored in each case. 
All four tests were administered at the same time. There 
was no specific time allotment for each test. The amount of time 
it took each pupil to complete the tests was marked on each paper 
as it was passed in. The entire testing period lasted for 30 
to 4o minutes. 
A second investigation was conducted in an effort to get a 
better picture of the results of the first part of the investi-
gation. To do so, the author isolated one variable-time. First 
he selected those students who got all of the first and second 
tests right and then those who got all of the first test right 
and between 1 and 4 mistakes on test two. He rationalized that 
if 11 the subtraction techniques are intrinsically different in 
difficulty, the fact ought to be manifested in the different 
amounts of time required for test 2 by the groups using the 
various techniques." He combined E and A becaase there was a 
reduction of the total population. 
Major Findings 
Subtraction facts missed in Test l were largely accidental. 
Error~in Test 2 were due largely to the subtraction techniques. 
11 When compared with the equal additions method, the decompo-
sition method produces 18% more error and requires 15% more time. 11 
11 When compared with the Austrian method, the decomposition 
method produces 16% more errors and takes 67% more time. 11 
1 When compared with the equal additions method and the Aus-
trian method combined, the decomposition method produces 17% more 
errors and requires 29% more time." 
I 
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1 When the equal additions method is compared with only the 
I Austrian method, the difference in accuracy is not statistically 
significant. 
\'/hen the equal additions and Austrian methods are compared 
with each other, the difference in time--44% in favor of the 
Austrian method--is large and is statistically significant. 
Major Conclusions, Implications, Recommendations 
"Other things being equal, the decomposition technique in 
subtraction of whole numbers is, by its own intrinsic nature, by 
far the poorest method to employ from the standpoint of both 
accuracy and time. 11 
The statistical significance of the differences found (except 
the one between equal additions and the Austrian method in accuracy) 
"is such that should the experiment be repeated with different 
population samplings we could be practically certain that the 
results would be in the same direction, favoring the equal 
additions and Austrian methods over the decomposition method 
both in accuracy and in time." 
"All the available evidence seems to be definitely in favor 
of the Austrian method as the most efficient and the most easily 
taught procedure in subtraction; the equal additions method comes 
next in order of merit and should be the choice of those, who 
for some reason, are opposed to the Austrian method. The de-
composition method, in view of the evidence now at hand, makes a 
poor sho\-ring, being inferior in both speed and accuracy to 
either of the other methods. n 
Comments 
Our comments are covered by Brownell and Moser who thoroughly 
analyzed this study. Our opinion of their analysis is summarized 
in the last three paragraphs of the Critical Discussion to follow. 
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Critical Discussion 
The subjects for this experiment cone from Grades 3 through 8, 
but there is no information as to the number of subjects at each 
grade level. This is especially important in a study of this kind 
because the rels.ti ve values of the different methods may vary at dif-
ferent grade level$. (Brownell, 1949, P• 9) 
Johnson has evaluated the different methods of subtraction solely 
on the basis of rate and accuracy; these are measures of efficiency, 
which are certainly important, but further evaluation is necessary 
to draw valid conclusions. The author neglects the following things: 
a. There may be a difference between the relative 
values of the different methods at the time of 
initial learning and their relative values several 
years later. 
b. The extent to which the different methods allow 
the learner to profit from previous learning. 
c. The transfer effects of the different methods--
the extent to which they will aid the learner in 
more difficult phases of the process and the ex-
tent to "Vrhich they enable transfer to other areas 
of arithmetic. 
d. The amount of insight into the nature of the process 
which the different methods provide. (Brownell, 1949, 
P• 9) 
The technique that Johnson uses in this study is called dif-
ferential testing. In this kind of approach, two or more groups 
of subjects, who have been taught by different methods, are given 
tests designed to bring out any differences in the results of the 
learning. Whatever differences are found are then attributed to 
differences in teaching procedure. Controlled instruction, therefore, 
obviously has no place in this approach. (Brownell, 1949, p. 10) 
The weaknesses of this system lie primarily in what is claimed 
to be its greatest strength. No matter how difficult it may be to 
control teaching methods in experiments of this nature, the solution 
to the problem does not appear to us to be to give up trying--dis-
regarding differences in teaching will not wipe out their effects. 
(Brownell, 1949, p. 11) 
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Furthermore, the method of differential testing must be based 
on one of several fallacious assumptions which include the following: 
1. that different methods of teaching the same pro-
cedure will produce no measurable differences in 
learning; 
2. that the quality of the teaching experienced by all 
groups involved in the study has been equally good 
or bad; 
~. that a sufficient amount of subjects and teachers 
will eliminate the differences in the teaching method; 
4. that each method of subtraction, because of its 
intrinsic nature, requires a different teaching 
procedure, and, therefore the manner of teaching 
need not be a factor to be considered in any ex-
periment. (Brownell, 1949, p. 10) 
Perhaps the reason that Johnson chose to use the method of 
differential testing in this, study is that it appears from research 
that de-emphasis of initial teaching procedures tend to produce 
results favorable to the equal additions method of subtracting, 
and Dr. Johnson is the one of the most vehement proponents of equal 
additions in this country today and therefore very biased in its 
favor. 
Although his study was carefully planned and executed within 
its limitations, its shortcomings are crucial. 
As Brownell and Moser said of Johnson 1 s study: "While we 
cannot control teaching methods rigidly and in detail, we can 
certainly exercise some control, enough to make sure that the 
supposed or assumed instructional methods are actual. The aim 
of research should be to determine the ~ instructional methods, 
or, as in the present instance, to test the comparative worth 
of the opposed subtraction procedures under conditions of teaching 
which are planned and supervised." (Brownell, 1949, p. 11) 
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Purpose of the Investigation 
To study the relative merits of~ subtraction procedures 
(Decomposition, Equal Additions, Austrian.) 
Justification for the Investigation 
The Committee on Primary School Subjects which sponsored 
this experiment wanted to determine which method of subtraction 
was superior and to choose one method to be universally taught 
in Scotland. 
Scope and Delimitation of the Problem and its Investigation 
The subjects for this experiment came from 55 schools. They 
represented (according to Cosgrove and Brownell and Moser) varied 
educational backgrounds, came from residential and industrial 
areas, urban and rural communities, and high and low economic levels. 
The subjects were classified into two groups--junior and 
senior. 
The junior groups included a total of 1622 students. All 
were 8 or 9 years old. They were sub-divided as follows: 
842 students from 24 schools were taught the EA method. 
464 students from 19 schools were taught D. 
~16--12--schools--Austrian or Complementary method. 
The senior group included a total of 1675 students who were 
10 and 11 years old. This group was sub-divided as follows: 
1) 8~5--from 2~ schools--EA 
2) 566--from 20 schools--D 
~) 274--from 11 schools--C or A 
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'i Plan of the Investigation 
"Each subject took two subtraction tests, one in the morning 
and one in the afternoon of the same day. For the junior subjects 
each test contained 28 examples involving a total of 112 separate 
operations; for the senior subject, 28 examples also, involving 
a total of 140 operations. The children were told to 'proceed at 
their own rate without hurry or undue delay.' On finishing their 
tests the children copied from the blackboard the number of quarter-
minutes during which they had been at work. In this way two meas-
ures were secured for each child on the combined tests, a measure 
of accuracy (expressed in ter.ms of errors) and a measure of speed 
or rate of work." (Brownell, 1949,. P• 12) 
In this study, as in that of Johnson a few years earlier,· the 
method of differential testing was used. 
The author of this "subiected his data to elaborate statistical 
trea'b:nent. 11 (Brownell, ~949: Pf 11) 
Major Findings 
II 
I 
,I 
"To test the relative merits of C, D and EA, Murray determined II 
the mean differences between the experimental groups in errors and inrat~l 
of work; then calculated the reliability of the differences in means ij 
and the Critical Ratios. For his accuracy data he used not one Ill 
statistical formula, as is customary, but four in the case of the I 
junior subjects and two in the case of the senior subjects." , 
(Brownell, 1949,. P• 12) II 
II 
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In both groups, in every comparison, in both rate and accuracy, 
D was found to be inferior when compared with either EA or C (Austrian 
method.) In most cases the differences were large enough to be highly 
reliable. (Brownell• l949~,P· 13) 
In both groups, alsolC was slightly superior toEA in speed. 
Major Conclusions, Implications, Recommendations 
On the basis of the results of this study, the Committee on 
Primary School Subjects which sponsored it recommended the following: 
"From the above 'Summary of Statistical Results' it is 
evident that in respect to accuragy the results are so de-
cisively in favor of the complementary and equal-additions 
~---------·--- -~­
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methods that the Committee feels justified in recommending 
the co~plete abandonment of the decomposition method of 
teaching subtraction. There is a slight difference in favor 
of the equal-additions method, and in view of the advantages 
of the adoption of a uniform method throughout the schools of 
Scotland and Committee recommends the adoption of the equal 
additions method. 
In respect to speed the decomposition method is likewise 
decidedly inferior to both the other methods, and this re-
inforces the recommendation of its total rejection. The com-
plementary method is somewhat superior to the equal-additions 
method in speed, but this is not sufficient to outweigh the 
superiority of the equal-additions method in accuracy. 11 
Critical Discussion 
Cosgrove (p. 15) said the following of Murray•s study: 
"Murray recogniaed the fact that subtraction procedures 
must be evaluated for difficulty at the time of initial 
learning as well as for performance and proficiency in later 
grades. Many of the previous investigations suffer from the 
serious that the subjects 1method had become more of less 
habituated. In this respect, his data for the junior subjects 
are particularly valuable as they give information in an area 
in which little investigation had been done." 
Cosgrove also criticized Murray for using only rate and ac-
curacy as the criteria for evaluating the different methods of 
subtraction and suggests several others which should have been 
used. 
Brownell and Moser express the opinion that "this investigation 
rates at the top in several respects." (page 11) They point out 
that the study begins with an excellent review of previous research." 
(page 11) They summarize and evaluate Murray·•s study rather com-
pletely. 
"Unlike the Johnson study and many others;' they say, 11 the 
Murray study cannot be criticized in respect to the subjects 
used. Murray recognized that subtraction procedures must be 
evaluated for difficulty at the time of learning as well as for 
proficiency in later grades. On this account, his data for the 
junior subjects are especially important, for they help to fill 
in a gap in our knowledge. By contrast, his data for his 1 
senior subjects are less significant, for they but corroborate I 
facts which have been pretty well established in several investi- 11 
gations." (Brownell• 1949,- P• 13-14) _ _ ___ _j 
--l-
1 
I 
II I, 
j! 
l! 
II i II 
' t 
I 
li I 
II 
I 
I 
I 
I 
I 
II 
II 
II II 
I' 
I 
il 
II li 
I 
! 
11 Differences in the relative accuracy of the three procedures 
two years after initial instruction are not very significant educa-
tionally, however reliable from the standpoint of statistics." 
(Brownell, 19~9, p. 14) 
11 The use of error measures serves to 1inflate 1 the amount of 
difference among the procedures. It does so.becaase the measures 
are treated absolutely, without regard for the bases with which they 
should be compared. It should be obvious that a mean of twenty 
errors with ~ possibility of fifty errors is quite different in its 
significance from a mean of twenty with a possibility of two hundred 
errors, or five hundred, or two thousand. On the other hand, the use 
of accuracy measures in the comparisons serves to decrease the amount 
of difference, and for the same reason. Certainly measures of the 
latter sort are as valid as are those of error. If so, the case for 
0 and EA is greatly weakened, so much so that superiority of D ac-
cording to other criteria--if such superiority could be established--
might easily offset the small advantage of EA. and 0 in accuracy." 
(Brownell, 1949, P• 14-15) 
Brownell and Moser too criticize Murray for using rate and 
accuracy as the sole measures upon which to base his evaluation 
of the relative value of the subtraction procedures. They also 
criticize the method of differential testing and state that "lack 
of information respecting methods of teaching employed with the ex-
perimental sections greatly diminished the assured interpretation 
of the data obtained." In regard to the criticisms mentioned here, 
the authors cite their reasoning as described in their analysis of 
the Johnson study. 
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Purpose of the Investigation 
11 The major purpose of the experiment is to discover the com-
parative advantages and weaknesses of two common but unlike proced-
ures for borrowing in subtraction • • • from the point of view of 
learning; that is, from the standpoint of their relative case and 
dif-ficulty to children who are just beginning to borrow. 11 
11 The minor purpose is to determine the effects on learning 
of different methods of teaching--mechanical and rational. 11 
More specifically, the authors wished to answer the following 
question: 11 Is it better to teach third-grade children to borrow 
in subtraction by deco~position or by equa! additions, and to teach 
them by mee.ningful or by relatively meaningless programs of instruc-
tion?" 
Justification for the Investigation 
This study "makes use of a wider evaluative basis than has 
been common, for it presents data on relative ease of learning and 
of teaching the two procedures, and these data go beyond the customary 
measures of rate and accuracy of work. 11 
II 
Scope and Delimitation of the Problem and its Investigation I 
This experiment involved 1400 third-grade students, enrolled I 
in 41 classes in the schools of Burlington, Charlotte, Greensboro, 
and Winston-Salem, North Carolina. None of them had learned sub-
traction involving borrowing before the start of this experiment. 
The students were divided into three experimental sections 
which were comperable in computational accuracy and rate as tested 
by a pre-test. 11 0n the more general bases, namely, CA, MA, an_d I. Q.. 
[Kuhlman-Anderso~ , the DM-,DR,- and EAR-sections were also about 
equal, the EAM-children being somewhat younger and brighter." 
------ -----~--~---- -----------·-· ---
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The experiment lasted for 15 school days. 
Plan of the Investigation 
All third-grade teachers who volunteered to participate in 
this experiment met with the authors. At the first meeting, Dr. 
Brownell and his associates explained the different teaching pro-
cedures to be used in the study. The teachers were then allowed 
to choose the particular method they wished to teach. 
Three experimental centers were formed as follows & 
Center A--The students had a good background in mathe-
matics and had previously been taught through 
the meaningful approach in other arithmetic 
work. This center contained 12 classrooms with 
)28 pupils. 
Center B--These children were exposed to a heavy back-
ground in simple computation with a semi-
meaningful approach. This center contained 
12 classrooms with 287 youngsters. 
Center C--The children in this group had very little 
arithmetic background. There were 17 classes 
with 447 pupils. 
In centers A, B, and C, half of each center learned to borrow 
by the decomposition method, half by the equal additions procedure. 
Each half divided again so that one part learned their subtraction 
procedure meaningfully (R~-rationally), and the other part mechani-
cally (M). 11 Thus, the following groups were formed & IA\1, DR, EAM, 
and EAR. 
The following tests were given during the experim~nt& 
1. A pre-test with a reliability coefficient of .82 
(Spearman-Brown) 
2. A test of the 100 subtraction facts to measure rate 
and accuracy 
5· Kuhlman-Anderson Intelligence Test 
4. An end-test composed of three parts 
5· A retention test given 6 weeks after the close of the 
experiment. 
Highly structured individual interviews, the purpose of which 
was"to broaden the base for evalueting the merits of Dl•1, DR, EAM 
and EAR, 11 were given twice. 2500 experienced interviewers were 
![ ..... ------ -~-~---~~-----------------
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specifically trained by the author to do the interviewing. 
Two weeks before the start of the experimental period, all 
the teachers received mimeographed specific directions to govern 
their methods and procedures of teaching. The same tests, experi-
mental schedules and instructional directions were employed in all 
three centers. 
Major Findings 
Because the three centers were so different, the author chose 
to report on each part separately. 
Center A 
It is impossible to decide simply and finally between D and EA 
as to which is the preferred procedure for teaching borrowing. 
"If one is to teach D at all, one had better do it rationally." 
11 The showing for DAis uniformly poor. 11 
The results on the end test showed that the four subtraction 
procedures rank in accuracy, from best to poorest, as follows: 
DR, EAR, EAM, DM. 
11 DR was reliably superior to I)1 (by a wide margin) and to W1, 
but not so to EAR. In turn EAR was reliably superior to DM, but 
not to EAM. The superiority of D over EA is clear cut only when D 
is taught meaningfully or rationally and EA is taught mechanically. 11 
•EA taught meaningfully for three weeks, even to pupils who 
had relatively sound backgrounds in meaningful arithmetic, was not 
as completely understood as was D taught under the same conditions. 11 
11 In supplying understanding of the process, DR excelled the 
other three procedures." 
DR 1s ability to transfer their knowledge to untaught processes 
was vastly superior to the other three classes. 
Center B 
As far as accuracy of· computation is concerned, R did better 
than M and DR was superior to EAR in both the end and retention tests. 
There was little difference in the rate of computation between 
DR and EAR on the end and retention tests. 
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Center C 
"If the D procedure is to be taught, it had best be taught 
meaningfully." 
"If EA is taught, it too had best be taught rationally." 
On the whole, "the meaningfully taught section rather con-
sistently excelled the mechanically taught sections in accuracy, 
rate and transfer to untaught processes.•• 
"Decomposition can be successfully raGionalized for children 
with exceedingly limited backgrounds in meaningful arithtnetic. 11 
11
vihen both EA and D are taught rationally to children with 
limited arithmetic backgrounds, the DR classes outscore the EAR 
classes." 
GenBral Findings 
The meaningfully taught sections rather consistently excel~~ 
the mechanically taught groups. 
When EA and D are taugh~ ra~~ona~iy to Children with !1m1ted 
arithmetic backgrounds, those children taught DR generally outscore 
those taught EAR. 
There is much greater transferability of skill in borrowing 
when it is taught by the DR method. 
The superiority of the decomposition method over equal additions 
is clear cut only when decomposition is te.ught meaningfully and equal 
additions is taught mechanically. 
EAR had its best showing in Center A and the poorest in Center C. 
11 Apparently the children in Center A had enough of a background in 
meaningful arithmetic to profit by the attempts to rationalize EA. 
But, youngsters with a limited background could not do this." 
"The EA procedure is difficult to rationalize because it involves 
the principle that the difference between two numbers ts not dis-
turbed if the same amount is added to both terms. It requires the 
alteration of the minuend and subtrahend." 
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" Major Co~clusions, Implications, Recommendations 
The author recommends that 11 borrowing be taught by the DR 
procedure, if understanding and transfer value are critical issues." 
11 If the sole criteria for evaluating the borro~ling procedures 
are rate and accuracy of the computational skill, then a reasonably 
good case may be made for ~1." 
If e~ual additions is taught, 11 lt, too, had better be taught 
meaningfully." 
"If the D and EA procedures are to be taught mechanically, 
there is not a great deal of difference between them. 11 
Decomposition can be successfully rationalized for children 
with an exceedingly limited background in meaningful arithmetic. 
EA cannot be so successfully rationalized in the case of 
children like those in Center C. 
nThe findings for the M-sections agree fairly well with those 
of previous research; but the findings for the R-sections validate 
the hypothesis that the method of tes.ching the procedures is an 
important (if neglected) factor in determining the worth of the 
two procedures. 11 
11 The term 'meaningful arithmetic' is seriously in need of 
competent analysis. Research must discover and arrange in order 
of importance the arithmetical meanings which should be taught. 
Only when a program of 'meaningful arithmetic' is detined in this 
way can it be known just how 1~eaningful 1 it is. When (or if) 
this analysis and this differentiation are undertaken, at the top 
of the list of essential meanings will be found those which 
govern our procedures in computation. Such is the opinion of the 
writers, at any rate, who see this probability in tbe Qata reported 
in the monograph." 
"In the matter of teaching borrowing in subtraction the 
implication of the present study is that systematic attention to 
understanding pays dividends." 
Comments 
This study is far superior to any research which has been I 
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done to date in the area with which we are concerned here. It 
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is the only one that was sufficiently comprehensive, planned 
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The subjects were matched on the basis of many factors--M.A,, 
C. A., I.Q. and mathematics background, computational accuracy and 
rate. The groups could therefore be easily compared and contrasted. 
The authors compared three groups oi· children who were ex-
posed to dift·erent types ot· instruotion tmeaningful, semi-meaningful 
and mechanical). Thus they could compare the ef~ects of the p~o­
cedures on children of differing backgrounds. 
Another important aspect of this investigation was the systematic 
and comprehensive interviews. The following purposes for the inter-
views were all carefully executed and well-achieved. The authors 
wanted to find out: 
(1) How each child subtracts (whether by D or by EA) 
(2) How well each child subtracts (the smoothness of his 
WrkJ (j) How thoroughly he understands what he does when he 
borrows." 
Another attribute of this experiment was the plan of allowing 
teachers to choose in which one of the four situations they would 
like to teach. However, the authors failed to devise some kind of 
a check on the teachers. As a result, we are not certain if the 
teachers were actually doing what they had been instructed to do. 
Also, there was no·. matching of teachers; therefore, it is possible 
that more competent teachers may have been placed in one group 
than in another. 
It also would have been valuable if another retention test 
ii 
II 7%. 
· II ,I 
had been given several months after the end of the experiment, in ~~ 
spite of the factors which would make such a test inconclusive. 
Critical Discussion 
The comprehensiveness of this study is exemplified by 
several factors. The authors, for the first time, use a wide 
evaluative basis for judging the two methods of subtraction. 
------- -~ 
They include not only rate and accuracy, but also "the children's 
arithmetic background ••• prior to study of compound subtraction; 
the nature of the teaching-learning procedure (meaningful vs. 
mechanical) while working with the new skill; the degree of under-
standing of the mathematical basis for the new skill; ••• the 
extent of the transfer of newly acquired learning to releted but 
1untaught 1 subtraction fituations; and the retention of learning 
after a lapse of time.• • 
i:/ Weaver, J. Fred, "Whither Research on Compound Subtraction," 
The Arithmetic Teacher, February, 1956, p. 17. 
----------- - --- -·---~-- -------------- - ·- -- - -- --~-------~------
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Bibliographic Citation 
\'Ieaver, J. F'red. ((Skill in Subtraction: The Effect of Changing 
from the Method of Decomposition to the Method of Eq\ls.l Additions." 
Unpublished doctoral thesis. John Hopkins University, 1952. Part I. 
Purpose of the Investigation 
11 To obte.in further evidence relating to the effect upon ef-
ficiency in compound subtraction when habitual users of the decomposi-
tion procedure learn aQd practice the method of equal additions." 
Justification for the Investigation 
Research has shown equal additions to be a more efficient method 
of subtracting than decomposition. Decomposition, however, has been 
found to be superior when compound subtraction is being taught for 
the first time. Research has indicated that one possible solution 
to this conflict would be to teach decomposition initially and later 
to change students to equal additions. The author, therefore, wished 
to investigate the possibility of such a change at the college level. 
Scope and Delimitation of the Problem and its Investigation 
The author determined the method of subtraction used by pupils 
enrolled in a college arithmetic course by giving them three com-
pound subtraction examples and asking each one to "write out in 
words what he 1said to himself 1 when making each part of the com-
plete subtraction." The author then interviewed each student who 
indicated that he used decomposition. If the interview revealed 
that decomposition was used consistently and that it was the only 
method ever used, the student was invited to participate in the ex-
periment. One experimental and two control groups of 25 students 
each were formed randomly with the subjects thus selected. 
The experiment lasted for seven consecutive school days. 
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Plan of the Investigation 
A pre-test of 100 subtraction examples, 91 of which involved 
cmmp9und subtraction, was given to all students. The same test 
was later used as an end-test. 
The three groups in this experiment were as follows: 
1. Experimental group (D-EA)-- 11 learned and practiced 
the new method of equal additions, using a subtractive 
language patter-a." 
2. First Control group (D-D)-"reviewed and practiced the 
habituated aethod of decomposition." 
). Second Control group (D)--" engaged in no systematic 
review or practice of compound subtraction during the 
experimental period." 
11 The interpolated activity for group D-EA consisted of instruc-
tion in the new equal additions procedure and subsequent practice 
to gain skill in its application. The amount of practice approximated 
a total of 90 minutes, distributed as equally as possible over seven 
periods on successive school days. Appropriate instruction in the 
nature and use of the equal addi tiona method preceded each of the first 
three practice periods." 
"The interpolated activity for the first control group, D-D, 
consisted of systematic review of the habituated decomposition 
method and subsequent practice to gain further skill in its applica-
tion. Except for method of subtraction, all factors relating to the 
interpolated activity for group D-D were identical with those for 
group D-EA. 11 
The second control group, as stated above, received neither 
instruction nor practice during the experimental period. 
Following the practice periods, an end-test was administered. 
Those students in the experimenral group (D-EA) were not restricted 
as to the method of subtraction to be used on the end-test. Following 
the test, however, the author asked each student in this group to 
estimate, as closely as possible, whether he used the new method 
O%, 25%, 50%, 75%, or 100% of the time on the end-test. 
An "attempts-score" (number of examples attempted), a "rights-
score'' (number of examples right), and a 11 gain-in-rights 11 score 
(number of examples right on the pre-test subtracted from the number 
right on the end-test) were computed for each subject. 
n 
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Pre-test scores and I. Q. 1s (based on the American Council of 
Education Psychological Examination for College Freshman) were taken 
into account when comparing the results from the three groups. The ~ groups were equated statistically before the results for the three II 1 
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Major Findings 
When the E-EA group was compared to the D group, there was a 
significant difference in gain-score means in favor of the D-EA 
group. 
When the D-EA group was compared to the D-D group, there 
was a significant difference in gain-score means in favor of the 
D-D group. 
The most significant difference in gain-score means was that 
found between the D-D group and the D group; the gains for the 
former group being greatly superior. 
In other words, "from an absolute standpoint, DEA 1s (~~) 
experience with the method of equal additions facilitated, 
rather than interfered with, computational skill in compound 
subtraction. It was better to have learned and practiced the 
new method of subtraction than not to have worked with subtraction 
at all." From a relative standpoint, however, "it is clear that 
experience with the equal additions procedure was significantly 
less effective in improving computational skill than would have 
been a comparable experience with the habituated method of de-
composition." 
who 
11 i-w-nen those.._learned and. practiced the new procedure of 
equal additions 1otere released from any restrictions, regarding 
its use, there appeared to be greater tendency to rete.in the new 
method than to reject it and return to the old habituated pro-
cedure." 
"For both groups vrhich engaged in systematic practice, changes 
in computational efficiency appeared to be changes primarily in 
speed of performance. For all practical purposes, the effect of 
practice upon accuracy was negligible." 
"The change under consideration (from decomposition to equal . 
additions} would be practicable and justifiable only if the supposed 
advantages of that change could be realized guickl~, with a rather 
limited amount of instruction and practice ••• The results from 
the present experimental study show that an attemp~ed change from 
decomposition to equal additions will not lead guickly, if at all, 
to improved computational efficiency. In fact, the ti:r1e spent 
in trying to improve skill by learning and practicing the new 
method of equal additions would have been more fruitful if devoted 
to work with the habituated decomposition procedure." 
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I Major Conclusions, Implications, and Recommendations 
"Taking all the facts into consideration, there would appear 
to be neither advantage nor justification for including in a col-
lege arithmetic course any systematic attempt to encourage and to 
help habitual users of the decomposition procedure to change to 
the equal additions method of compound subtraction.• 
Comments 
1. The author failed to acknowledge the name of the teacher 
and the method of instruction used. (We learned from him 
personally that he was the only teacher and that he taught 
both methods of subtraction in a meaningful way.) We be-
lieve that both of these items should have been made clear 
in the investigation. 
2. We wonder if a larger sampling of subjects might have pro-
duced more conclusive results. 
~. The author's evaluative base only included measures of 
rate and accuracy. We believe that it would have been 
worthwhile to measure such things as retention and the use 
of subtraction in other instances, i.e. long division and 
subtraction of fractions. 
4. The use of a second control group such as Dr. Weaver used 
in this study is an excellent technique. In this investi-
gation, it was essential in order to test whether gains in 
skill were due to the method of instruction or to practice. 
Without the control group, which received no instruction 
and no additional practice, the author would have been un-
able to make any valid judgments relating to practice. It 
is too bad that this technique was not better utilized in 
other studies of this type. The use of one would help to 
distinguish between differences arising from practice 
effects and those arising merely from the passage (or non-
passage) of time, etc. 
6. Dr. Weaver's conclusion was both reasonable and valid. 
II II il ii 
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I Bibliographic Citation 
\'Veaver, J. Fred. «Skill in Subtraction: The Effect of 
Changing from the r4ethod of Decomposition to the Method of Equal 
Addition~: Unpublished doctoral thesis. John Hopkins University, 
1952. Part II. 
Purpose 9.£ the_ ~ny~stigation 
The purpose of this second investigation was to answer the 
following two questions: 8 (1) Would habitual users of decomposition 
who changed to and adhered to the use of equal additions, reach 
and surpass the level that would have been attained had they not 
changed methods; and would they then reach the level of skill at-
tained through comparable practice by habitual users of the equal 
additions method? (2) If so, approximately when would those who 
changed from decomposition to equal additions reach each of these 
levels1 11 
Justification for the Investigation 
The data from the first investigation "permitted conclusions 
about changes in computational efficiency per se, but little could 
be concluded about skill with the newly learned egual additions 
procedure." 
Scope_and Delimitation of the Problem and its Invest1gation 
Seventy-five college undergraduates, who had not participated 
in the first part of this experiment, were divided into three 
groups: EA-EA, D-D, ~. D-EA, As in the first part of the investi-
gation, the method of subtraction each subject used was determined 
through tests and interviews. The groups were matched (before the 
experiment began) on the basis of general ability as measured by 
the A.O.E. Psychological Examination. 
The experiment lasted for four days. 
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Plan of the Investigation 
The three groups formed were designated as follows: 
l. EA-EA: "habitually used the method of equal 
additions at the outset and continued to use this 
procedure throughout the experiment." 
2. D-D: habitually used the decomposition method 
and continued to do so throughout the experiment. 
). D-EA: originally used exclusively the decomposi-
tion method, but learned, practiced, and used equal 
additions during the experiment. 
11 The very purpose of the second investigation ••• made it 
necessary for all sets of practice exercises to be of comparable 
nature and difficulty. Furthermore, it was necessary for the 
practice sets to be similarly comparable to the instrument used to 
measure initial and final status of computational efficiency. 
These demands were satisfied by constructing three equivalent sets 
(forms A, B, C) of 125 subtraction examples each." Forms A, B, 
and C were administered three times each. As a result, 11 nine com-
parable measures of computational skill were secured for each group" 
in the form of one initial test and eight practice exercises. The 
students recorded their own scores on a graph for each of the two 
practice exercises given each week. The testing time for each exer-
cise was 7iroinutes. 
Major Findings 
"D-EA lost significantly in computational skill when first 
changing from decomposition to equal additions, but ultimately 
reached a level of skill with the new method which was signifi-
cantly above the initially measured level with the habituated 
procedure." This recovery, however, \tas not great enough to \<lipe 
out relative interference. 
The change in method of subtracting affected both speed and 
accuracy. 
In terms of examples right, the scores for both EA-EA and 
D-D improved with practice. The increase in skill was approximately 
the same for both groups. "EA-EA was consistently and significa.ntly 
ahead of D-D throughout the study. However, at the time of the last 
test, this difference was not statistically significant." 
Again in terms of examples right, those students in D-EA 
11 dropped to and remained at a significantly lower level of skill" 
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II• than those in both D-D and EA-EA. 
Group D-EA showed "little sign of ~ reaching and surpassing 
D-D's performance level and finally reaching EA-EA's level, as might 
be.postulated or expected on the basis of existing research evidence." 
II 
Also, there was no evidence that this group "would ~' if ever, 
reach those levels which were unattained during the course of the ex-
11 perimental period." 
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For the D-EA group, no significant relationship was found between 
overall gain in skill and general ability or between scholastic apti-
tude and initial loss in skill. 
"All groups sho\"'ed a definitely discernible, but somewhat 
irregular, tendency for variability to increase with practice." 
I Major Conclusions, Implications, Recommendations 
1 "Taking all data into consideration, the second investigation 
I
ii.. would. substantiate a conclusion reached in the first investigation: 
there would appear to be neither advantage nor justification for 
'I including in a course in college arithmetic any systematic attempt 
to encourage and help habitual users of the decomposition procedure 
1 to change to the equal additions method of compound subtraction." 
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Comments 
The comments made in relation to the first part of this study 
apply here also. 
Dr. Weaver's study has employed a new technique which we 
feel is highly commendable. For the first time, three groups, 
divided as follows, have been compared: ·· ( 1) students who he. bi tu-
ally used and continued to use the decomposition method, (2) stu-
dents who habitually used and continued to use the equal additions 
method, and (5) students who habitually used the decomposition 
method and were changed to the equal additions procedure. 
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The author's conclusion that there was little if any dif-
ference between those who habitually used equal additions ana 
those who habitually used decomposition varies markedly from those 
~rho claim that equal additions is superior in adult life• ~/e 
believe that Dr. Weaver's finding is quite reasonable. In relation 
to this finding, it might be noted that in formulating his con-
clusion quoted in the critical discussion ~the preceQing page, 
J. T. Johnson has virtually ignored this finding. As he sometimes 
has a tendency to dQ~ he has based his comments and conclusions 
only on those aspects of the study which support his position. 
Critical Discussion 
"It is recognized clearly, of course, that the conclusions 
reached for the sample of college freshmen are not necessarily 
valid for groups lower in the educational ladder, especially 
at the elementary level. However, in this connection it may be 
of interest to note that Mr. Gail Cosgrove ••• has been in-
vestigating this same problem at the sixth-grade level. 11 1 
J. T. Johnson, a staunch advocate of the equal additions 
method, had the following to say about the ~Ieaver study: 
11 The proposal for teaching the D method first and then 
changing to the EA method • • • was almost a baffling surprise 
to the writer ••• Knowing the struggle most youngsters have 
in learning compound subtraction why should an inferior method 
be taught and it must be taught to mastery before any meaning 
can be understood, then followed by unlearning it so as not to 
produce negative transfer, and then learning another method to 
mastery to be used for the rest of one's life time! This is 
equivalent to teaching three methods instead of one. Doesn 1t one 
method give enough trouble?" 2 
I J. F. Weaver, 11 Whither Research on Compound Sbutraction? 11 
Arithmet~c Teacher, III (February, 1956J, 20. 
2 J. T. Johnson, "Whither Research on Compound Subtraction!" 
Arithmetic Teacher, V (February, 1958), 41. . 
"The writer's advice to teachers in this question is that 
they should know well the three main methods used by children in 
this country so that they can help any child that comes to their 
school by transfer. They should never attempt to change the 
child's method if he knows his own will. Principals shoula see 
that, if the better method is to be taught, pupils start the EA 
method in the third or fourth grade and let that class use it as 
they move up through the grades."' 
"What better research than this can we get1 It shows not 
only that the EA method is superior to the D me~hod but also 
the negative effect in two cases of the change from D to EA. 11 4 
' Ibid.!. 
4 
Ibid., P• 42. 
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Purpose of the Investigation 
11 To determine whether the method of decomposition or the 
method of equal additions is superior in speed and accuracy in com-
pound subtraction of whole numbers in abstract and in concrete 
examples, not immediately after the process has been taught, 
but after a time lapse of five years." 
Justification for the Investigation 
There is controversy as to which of the two methods produce 
the best results and is a more serviceable tool. 
Scope and DelimitatioE_of~n~Problem and it§ Investigation 
On the basis of individual interviews with all the eighth-
grade students in the Great Neck, New York, Junior High School in 
which she taught, the author formed two groups of 16 students 
each; one of students who used the decomposition method in sub-
tracting, and one of students who used the equal additions method. 
'l'he students in each group were equated for chronological age, 
sex, I. Q., school grade, and socio-economic index. All the stu-
dents in these two groups were "white, upper-middle class." 
Two more groups of 19 students each were formed in an all 
Negro school in Harlem where the socio-economic index of all was 
"very low middle class shading into the lower class. 11 The pairs 
were matched according to the same criteria as in the first school. 
Plan of the Investigation 
Three subtraction tests (A, B, and 0) were constructed to 
measure accuracy, speed, and problem-solving respectively; they 
were adapted from the book, Teaching Children Arithmetic, by 
Morton, et al. The tests were structured so that each child had 
a chance to finish all of the problems; the examples progressed 
--- ----~---- ----------------~ - ------=--
-~-------- -- - ~---~----- ~-
from easy to difficult. The tests were administered to all 
the students in a regular classroom situation. The paired groups 
in both neighborhoods did not know that they were being specifi-
cally tested. After the test, the papers of all the matched pairs 
were pulled out and scored by the author. 
Major Findings 
"The results for speed and for problem-solving seem incon-
clusive since the D section was superior in Harlem, but inferior 
in Great Neck." 
"There is no significant difference between the two methods 
of subtraction with respect to sp~ed or problem-solving." 
11 With respect to the test for accuracy, there was no signi-
ficant difference between the two sections of the Great Neck 
group; but there was a significant difference for the Harlem 
group in favor of the Decomposition method. 11 
11 For the more intelligent group, the Decomposition method 
was not inferior; whereas for the less intelligent group the 
Decomposition method proved to be superior." 
Major ConclusionsA Implication, Recommendations 
The Decomposition method "should be taught from the beginning 
of instructions in subtraction to all pupils." 
11The results of this study seem to bear out the arguments 
of the proponents of developmental mathematics that teaching 
meaningfully produces superior results especially with the 
duller pupils." 
Comments 
Many of the comments which we would make about this study 
are summarized in the Critical Discussion; therefore, we will 
not repeat them here. We would add the following to Dr. Weaver's 
comments: 
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The quality of teaching to which the subjects had previously 
been subjected is not considered anywhere in this study~ It 
would seem safe to assume that there would be a difference in the 
calibre of teaching in Harlem and in Great Neck. 
Although the subjects in this experiment were carefully and 
very well matched (except for factors involving previous teaching), 
the sample was very small. The careful matching is admirable; 
however, it does not compensate for the sampling of students. 
Credit must be given to the authors for recognizing the 
value of testing some time after initial learning. One of the 
greatest shortcomings of other investigations designed to test 
the relative advantages of two methods of teaching or learning 
is their failure to test for retention or transfer more than a 
few weeks or a month after the date of initial learning. 
The problem arises, however, that the greater the length 
of time that elapses between initial learning and retention or 
transfer testing, the greater is the opportunity for other factors 
to influence the results. A careful distinction must be made 
between whether we are testing for the effectiveness of a method 
at the time of teaching or its effectiveness in some ~ater situa-
tion. 
'l'he authors shou.iel. also be commended for the plan of not 
informing students that they were being tested; thrs serves to 
eliminate any pressure or tension which might arise from the 
testing situation and unduly influence the results. 
Critical Discussion 
J.F. Weaver, a strong supporter of 1 the meaningful teaching 
of the decomposition procedure," said of this study that although 
he found the conclusions most welcome, they may not be warranted 
at all.l He gives the following reasons for this comment: 
Data were based on tests given to eighth-grade children 
who had received initial instruction in subtraction five years 
earlier. Although the author's reasons for using this sample 
are good, their inference that children should be taught by a 
certain method in grade three because that method is found to be 
1 
J .F. Weaver, 11 \'ihither Research on Compound Subtraction?" 
Arit~~ic Teacher, III (February, 1956), 17-20. 
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either "not inferior" or •superior" among children in grade 
eight is not necessarily valid. "The preferable method ultimately 
is not necessaril~ the preferable-method initiall~." 2 
The authors draw the conclusion that "the results of this 
study seem to bear out the arguments of the proponents of develop-
mental mathematics that teaching meaningfully produces superior 
results especially with the duller pupils." They are making the 
ass~ption that the students involved in the study who used the 
decomposition method had been previously taught by a meaningful 
method. This is not necessarily so; it is quite possible that 
instruction was mechanical • Without some investigation of the 
kind of teaching these students had experienced in previous years, 
the Rheins cannot justly draw from their data any valid conclusions 
regarding the value of meaningful instruction. 
The sampling in this investigation was very small--
~less than 20 matched pairs in each of two groups").' 
The test designed to measure accuracy contained 6 out 
of 22 items (~6%) which did not involve any compound subtraction. 
"A few such examples would be justified for obvious reasons. 
However, we rightfully may ask how well the accuracy of the de-
composition and equal additions methods can be compared using 
an instrument in which only 64% of the items are of the type 
that could differentiate between the things being measured.n4 
2 
Ibid., P· 18. 
~ 
Ibid., P• 19. 
4 
Ibid. 
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Cosgrove, Gail Edmund. The Effects on Sixth-Grade Pupils' 
Skill in Compound Subtraction When They Experience A New Pro-
cedure For Performing This Skill~ Unpublished doctoral thesis. 
Boston University, 1957. 
Purpose of the Investigation 
This study is concerned with nthe effect on the computational 
skill in compound subtraction of sixth-grade pupils who had habit-
ually used the decomposition method, and who were exposed to the 
new procedure of equal additions.a 
Justification for the Investigation 
From several experiments, certain educators believe that the 
decomposition method is easier to teach than equal additions. How-
ever, the equal additions procedure is supposed to be more useful 
in adult life. Therefore, the author is trying to determine if 
and when equal additions should be taught. 
Scope and Delimitation of the Problem and its Investigation 
From a diversified community in the greater Boston area, 547 
sixth-grade pupils and 1} teachers were selected for this study 
which lasted for 12 weeks. Each teacher was evaluated by the 
author and the principle. 
npractice-exercise periods were held bi-weekly and were 
equated on amount of work accomplished, completion of 25 examples, 
rather than on a time basis. In all, 20 practice-exercise periods 
were held for all subjects in both the experimental and control 
groups." 
Plan of the Investigation 
A pilot study of four sixth-grade classrooms was established 
to determine: Teaching methods, individual help needed, confusion 
and chaos in change that the children encountered in changing from 
88 
decomposition to equal additions, and setting the time for the 
tests. 
None of these pupils were used in the final project. 
Equation of students and teachers: At the beginning of the 
study, seven experimental (186 pupils) and six control (161 pupils) 
classrooms were established. They were equated on general intelli-
gence with the Kulman-Finch Test; on ari tlunetic achievement by 
the Metropolitan Achievement Test; and on the performance on the 
pre-test. The teachers were equated according to ability. 
Teaching procedure: The equal additions classrooms were 
taught this method by a gradual process through a combination 
of instruction and practice. The control group reviewed and 
practiced the decomposition method. The·same audio-visual and 
manipulative devices were used in all the rooms. 
Testing program: A pre-test which lasted for 12 minutes 
was given at the beginning of the experiment. This same 12 
minute test was given on Friday of the third, sixth, ninth, 
and twelfth weeks, and three months after the conclusion of 
the investigation. The items were placed according to their 
difficulty on the test. 
To determine the method that each child used, five examples 
were put at the end of each test. The students were told to do 
these problems with crutches. 
11 The right score indicates the change in skill. The attempt 
score shows the percent of accuracy between the tests and from 
the pre-test to the end-test." 
Major Findings 
11 From pre-test to test 1, the control group, using the 
decomposition method, produced a mean gain in accuracy of 
5.05%, while the experimental group demonstrated a mean loss 
of 5. 77%11 
"The percentage of accuracy between test 2 and test ; was 
4.82% in favor of the experimental group." 
"The control group showed a mean loss in accuracy of 6.82% 
in the interval between test 1 and test 2." 
.I I, 
II 
"Data measuring accuracy from the pre-test through test 4 
demonstrated a mean gain of 6.,% for the control group and 
6 ·9'% for the experimental group. This amounts to less than 
one example out of every hundred." 
"Statistical treatment proved there was a significant dif-
ference in the control and experimental groups in the scores of 
the two groups from the pre-test to test 4." 
11 Gains in scores from pre-test through test 4 were related 
more to general intelligence for the control subjects than for 
the experimental subjects, as evidenced by the zero order cor-
relation." 
"The degree of transfer involving compound subtraction of 
decimals and that of compound subtraction essential to com-
pleting an example in long division was relatively high in both 
groups." 
The experimental group was slightly superior in speed. 
Systematic practice improves accuracy. However, the dif-
ference in accuracy between the two groups is less than one out 
of' a hundred. 
The number in the experimental group who used equal additions 
decreases on each test. 
Major Conclusions, Implications, Recommendations 
With either method, speed increases with practice. 
Those sixth-grade students who were exposed to the new 
method "will do as well, or better, than if they had not been 
exposed to the new method." 
Prolonged practice with an old skill does not result in 
a continuing gain in mastery of' that skill. 
Because the "gains in scores from the pre-test through test 
4 were related more to general intelligence for the control sub-
jects than for the experimental subjects ••• it is possible to 
conclude that pupils with lower intelligence may profitably adopt 
the equal additions procedure because equal additions is more 
mechanical and requires less meaningful understanding than the 
decomposition method. 11 
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"It cannot be concluded that children o~ lower intelligence 
would not profit ~rom being exposed to a new procedure for per-
~orming an old skill, in this case computation of compound sub-
traction. Whether or not they would pro~it as much ~rom this 
experience as they might have with review and practice in the 
method they knew is questionable." 
Comments 
There is no statement in this study of the criteria upon 
which the teachers were evaluated. 
The duration of this experiment was not planned in advance; 
rather, it was determined by the amount of time it took all 
subjects to complete a certain amount o~ work. Because there 
was no set time limit on practice sessions, the students in 
classes which had more di~ficulty with the practice exercises 
most probably received more practice than students in other 
classes. It is possible that there were several brighter stu-
dents in the slower classes who were given the advantage of extra 
practice. No mention is made of which students received such 
extra help. 
The idea o~ a pilot study is an excellent one. In this case 
it shows that the author expended a great deal of time and ef~ort 
in trying to set up as thorough and carefully controlled ex-
periment as possible. 
The author does mention understanding once; this is in the 
conclusions where it is stated that "equal additions is more 
mechanical and requires less meaningful understanding than the 
decomposition method." Upon what basis did the author decide 
that equal additions requires less meaningful understanding? 
Several of the conclusions in this study are related to the 
trans~er o~ learning. However, no mention is made o~ how .such 
data was either obtained or evaluated. 
The author of this study should be commended for giving a 
retention test three months ~ter the conclusion of the experi-
ment. It is most important to recognize that retention cannot 
adequately be <tested only a few weeks ~ter learning has taken 
place. At the same time, this also raises the problem of the 
inability to control independent variable~ which has been dis-
cussed in detail elsewhere in this paper. 
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Even if the conclusions in this study are based only upon 
rate and accuracy, the study does show, and rather conclusively, that 
the difference between the two methods is not significant. The 
implication that the differences between the two methods are 
not great enough to warrant the great controversy which has 
been going on for so many years, may be the greatest single 
contribution to the future of arithmetic research which has 
been made in any of these studies. 
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CHAPTER THREE 
SUlvlMARY AND CONCLUSION 
SUMMARY Al."'D CONCLUSIONS 
Research in arithmetic has shown rather conclusively ~~at meaning-
ful learning is superior to rote learning. There is substantial evi-
dence, also, that the decomposition process is more easily understood 
and more meaningful than equal additions at the time of initial learning. 
However, investigations concerning the most desirable way to teach sub-
traction have usually favored the equal additions method. What are 
the reasons for the discrepancies found in the research? 
In order to answer the above question, the reason for the associa-
tion between the equal additions method and rote learning must be 
clarified. The two are associated because it is extremely difficult 
for a child to understand and for a teacher to explain the generali-
zations which underlie equal additions. The difficulty in under-
standing arises from the inherent complexity and subtlety of the 
procedure. In order to understand the operation involved in equal 
additions, two basic concepts must be mastered: 
1. The concept of place-value; that 1 ten ; 10 ones. 
2. In a compound subtraction example, if 10 ones are 
added to ~~e minuend and 1 ten is added to the 
subtrahend, the difference between the two numbers 
will remain the same. 
A serious problem arises when using the equal additions pro-
cedure: the student must remember to change both the minuend and the 
subtrahend and also to change the -correct digit in each. This is 
particularly difficuttfor him to learn meaningfully because most 
93 
ft ... 
often he has no experience in his arithmetic background to help him 
associate the concept of 11 subtraction" with the underlying generali-
zation of the equal additions method. Therefore, the tendency has 
been to teach this process by a rote or drill method. 
Brownell and Moser reported that the teachers who participated 
in their study had great difficulty explaining the entire concept of 
equal additions to the children. One of the results of the trouble 
had was that the students' computational skill was impaired because 
they tended to alter only the minuend and forgot about changing the 
subtrahend. 
Decomposition is understood more easily than is equal additions 
because the former is based wholly on the two very important and 
closely related principles of place-value and regrouping. The place-
value concept is an important cornerstone of the current arithmetic 
teaching and is repeated, demonstrated, and emphasized daily. Be-
cause of these facts, decomposition is easier to comprehend and also 
more easily explained by teachers. 
Early research was conducted during the period when authoritat-
tive teaching was in vogue. Here may lie part of the explanation for 
the discrepancies we found in the studies abstracted in the two dif-
ferent sections of this paper. 
Traditional arithmetic teaching was rote teaching. It was very 
much a procedure of learning to apply, primarily through drill, rules 
handed down by the teacher. In such a class, the teacher would pre-
sent the rule; the children would accept it without question; learn it, 
and with sufficient drill become speedy and accurate. It has been 
sho~m that equal additions is more easily learned and applied by 
rote than by meaningful methods. It therefore seems reasonable that 
in authoritative situations, where rote learning prevailed, the equal 
additions process appeared to be superior. 
What factors besides the general methods of teaching could 
account for the excellent showing of equal additions, especially in 
early research? 
';{e believe that the primary reason why equal additions appeared 
to be superior in many investigations stems from flaws in the 
structure and execution of the investigations themselves. In our 
opinion, any study of the particular problem with which we are con-
cerned would have to meet all of the following criteria in order 
to be reliable, valid, and conclusive: 
1. The purpose of the investigation should be realistic, 
limited, important, and comprehensive. 
2. The basis for evaluation should include rate, 
accuracy, understanding of basic concepts, re-
tention, and transfer of learning. 
;. The students who participate in the experiment 
should be carefully matched for such factors as 
I. Q., previous achievement and learning experi-
ence (both method and content of teaching), C.A., 
M. A., and environmental background. 
4. The teachers who participate in the experiment 
should be equated on the basis of experience, 
ability, philosophy of education and training. 
~. The teachers should not have to change their 
basic philosophy and method of teaching in 
order to take part in the experiment. 
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6. An adequate and systematic check on the teachers• method 
of instruction should be devised. 
7. The teachers should be completely familiar with the 
operations to be taught and the materials and units 
of instruction the author provides. 
8. There should be at least one control group in any 
experiment. 
9. The experience and general procedures for both the 
experimental and control .. groups should be similar. 
The author should not consciously or unconsciously 
short-change any groups in order to influence the 
findings. 
10. Reliable and valid tests that have been used previously 
in similar experiments should be employed. If the ex-
perimenter should compose his own test, he should make 
sure that it is valid. 
11. The tests should be administered to all subjects by 
the same trained person in identical situations and 
according to the same time schedule. 
12. An adequate measure of retention should be administered. 
1;. A comprehensive statistical analysis of the findings 
should be carried out. 
14. All conclusions should be supported by sound analysis. 
We do not feel that any of the studies abstracted in ~~is paper 
meet all of the above criteria. The greatest shortcoming of most of 
the studies is the narrow evaluative base they employ. l-1ost of the 
authors based their evaluations solely on the mechanical processes 
of rate and accuracy. Sin~e it is in these areas that equal additions 
tends to show up better, it is no wonder that this method, which is 
·I more mechanical, was so often found to be superior. · 
! 
I 
I 
I 
I 
II 
I 
I 
II 
'I 
II 
I 
I 
I 
I 
t\ 
97 
In the majority of studies, the investigators completely over-
looked the criteria of understanding, retention, and transfer of 
learning, and made no attempt to measure them. They took for granted 
that if the students could subtract accurately and quickly, that they 
kriew and understood everything they were doing 
Even in Brownell and Moser 1 s study, which was well-controlled, 
planned, and executed, we still find one drawback--that is, if you 
measure retention, as the authors do, six weeks after the end of the 
experiment, a sufficient amount of time has not elapsed to draw any 
conclusions on the basis of retention and transfer tests. On the 
other hand, if you attempt to measure retention after a longer period 
of time, as some authors cited here have done, it is impossible to 
control enough of the intervening variables to allow one to draw valid 
conclusions. 
Because of this and other factors, it is nearly impossible to 
adequately control all the variables required to measure the ad-
vantages and disadvantages of decomposition versus equal additions. 
As a result, we would seriously question whether any definitive 
answer to this problem can be found through research. 
There is a practical reason, however, for solving the controversy 
over which method of subtraction should be used. This reason is that 
confusion which now exists among children who have learned two, three, 
or more ways of subtracting can only be eliminated by teaching just 
one method within a given school system. Dr. Vleaver and others have 
shown that it makes little difference in adulthood which method one 
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uses to subtract or by which method one was taught. The necessity and 
advantages of consistency, however, are obvious and have been thoroughly 
proven and defended. 
We would conclude from this investigation that the real problem 
is not whether children should be taught to subtract using decomposition 
or equal additions, but rather one of convincing educators to choose 
one method or the other, and to teach whichever one they select meanine;-
fully. 
This conclusion is based on the facts that~ (1) Research has not 
found significant differences in the results when subtraction is 
taught by decomposition or equal additions, and (2) There is evidence 
to support using either of the two methods. Since the decomposition 
procedure has been shown to be the more meaningful one at the time of 
initial instruction, we would suggest that this is the preferable 
method. 
Close analysis reveals that it would be nearly impossible to set 
up experiments in this area which could be controlled adequately to 
yield reliable and valid results. Therefore, we would also conclude 
that further research on the problem summarized in this paper would 
not be profitable. 
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